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Abstrat
The moleular shape of any nonlinear moleule an be strongly inuened by the
oupling between eletrons and vibrations (vibroni oupling) via the Jahn-Teller
(JT) interation within the moleule. This inuene appears as a distortion of
the symmetrial shape of the original moleule. In suh moleules, the adiabati
potential energy surfae (APES) possesses either a trough of minimum-energy
points or several isoenergeti minima (`wells') depending on the nature of the
interations present.
In the ase when oupling is innite, the wells are very deep and the system will
be loked into one of these distorted states. The vibroni states assoiated with
these wells are good eigenstates of the system in this limiting stati ase. However,
real moleules have nite oupling, so the system an migrate from one well to
another in a proess that is often referred to as the dynami JT eet. If the wells
are deep, then the motion must involve quantum mehanial tunnelling. Generally,
the motion between wells gives the illusion that the moleule has rotated and this
type of motion is referred to as pseudorotation. The eigenstates of the general
system an then be approximated by symmetry-adapted states (SAS) whih are
a linear ombination of the states assoiated with the wells.
In this thesis, we fous on studying the dynamial nature of the JT eet through
investigating the pseudorotation mehanism in dierent systems using a simple
method employing the time-evolution operator. This allows us to obtain analyti-
al expressions for the probabilities that a system that starts o loalised in one
initial well, may beome loalised in another well at some later time. These expres-
sions are plotted versus time to show the pseudorotation regime and a omparison
between dierent ases of pseudorotation in dierent moleules is made.
Determination of the rates of pseudorotation leads to a better knowledge of
the strength and nature of the vibroni oupling in the system and is a quantity
ii
that is, in priniple, experimentally measurable. Also, more information about
the tunnelling splitting between the SASs an be gained from this study.
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Chapter 1
Introdution
The Jahn-Teller (JT) eet is of fundamental importane in many areas of physis
and hemistry and ontinues to be of great interest to researhers around the world.
This interest extends to both experimental and theoretial aspets of the theory.
The main target of the work presented in this thesis is a study of the dynamial JT
eets in dierent ions derived from the iosahedral moleule C60. This moleule
has a simple but beautiful struture, as shown in Fig. 1.1, whih endows it with a
symmetry that is not often found in Nature. This high symmetry makes it highly
suseptible to eets derived from eletron-vibration interation as exemplied by
the JT eet. This symmetry will be disussed in some detail in this thesis.
Figure 1.1: The fullerene C60 moleule.
One of the harateristi features of the JT eet is that the eletron-vibration
interation lowers the symmetry of the moleule involved. If the interation is
very strong, we an therefore expet the iosahedral age to beome permanently
1
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distorted. This is the situation usually desribed as a stati JT interation. If the
interation is more moderate, then the eet is referred to as being dynami. The
reason for this motion is easy to understand. The high symmetry of the moleule
means that there will be several equivalent ways in whih the moleule ould
distort in order to lower the total energy. Obviously, a ertain amount of energy
is required in order for the system to hange from one preferred onguration to
another. In real moleules, these barriers are nite and so onversion between the
dierent distorted forms is permissible. In fat, the nulear motion whih results
from this dynami piture is unique. In this thesis, we shall generally refer to this
motion as pseudorotation. A more detailed desription of pseudorotation is given
in Chapter 3.
The uniqueness of pseudorotation means that if suh motion is observed, then
we have a lear indiation that the system under observation is suseptible to
a dynami JT eet. In fat, the rate at whih pseudorotation ours must, in
some way, be related to the strength of the eletron-vibration oupling within the
observed system. One of the aims of this thesis is to determine exatly how the
pseudorotation depends on the underlying oupling. A number of systems will be
studied, mostly related to C60 beause of its urrent high interest.
To date, there have been no diret observations of pseudorotation in any system
derived from C60. However, modern experimental tehniques are apable of oper-
ation on a femtoseond timesale or faster. On these timesales, the movement of
the nulei assoiated with pseudorotation is frozen. Therefore, by making use of
appropriate ultrafast tehniques we an hope that pseudorotation in the fullerenes
will soon be observed. The purpose of this work is to put in plae the relevant
theory so that observation of pseudorotation in these systems an be used to infer
the strength of the oupling present. An idea of how fast these rates will be an
be gained from similar experiments performed on the neutral C60. Using piose-
ond lasers, Rubtsov et al. [1℄ used a transient grating tehnique to determine the
rotational reorientation rates of C60 in several solvents. The rotation times ranged
from 3.5±1.5ps (in dealin) to 13±2ps (in o-xylene). Intuitively, we would expet
pseudorotation to be faster than these rates and, therefore, measurable provided
experiments on a femtoseond timesale are used. Suggestions for the types of ex-
periments that ould yield the relevant pseudorotation rates have been proposed
[2℄. It is hoped that suh experiments will soon provide the data required. Using
2
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the theory and results developed here, we therefore hope to be able to interpret
the observed rates in order to derive an improved estimate of the strength and
nature of the eletron-vibration oupling in some very important ions.
In Chapter 2 we present a useful disussion of some of the theoretial tools
used throughout the thesis. A brief resumé of the theory of the JT eet is
presented and the general form of the interation Hamiltonian is derived. The
methods that will be used to solve suh Hamiltonians are disussed. In partiular,
details are provided of the unitary shift transformation whih is used to help
isolate the lowest manifold of the adiabati potential energy surfae (APES). This
proedure, whih is based on a seond-quantisation tehnique as developed by
Bates et al. [3℄, produes a displaement in the nulear oordinates. Minimisation
of the energy with respet to the displaement is ahieved using the method of
Öpik and Prye [4℄. This allows minima and other extremal points on the APES
to be found. Projetion operator tehniques are also disussed and later used to
nd the eigenstates for the dynamial motion of our systems. As most of the work
ontained within this thesis relates to iosahedral systems, a disussion of this
symmetry is also provided.
The tehnique whih will be used to study the dynamial behaviour for dierent
JT systems is introdued in detail in Chapter 3. The method employs the time-
evolution operator to investigate pseudorotation between the available minima
produed by the JT eet. It allows us to derive analytial expressions for the
rate of pseudorotation as a funtion of the vibroni oupling parameters. As an
illustration of the method, a disussion is given of the appliation of the tehnique
to the T ⊗ h JT problem whih is relevant to the C−60 anion.
As the iosahedral systems tend to be quite omplex and not easy to visualise,
a treatment of the more familiar, and less ompliated, T ⊗ (e ⊕ t2) JT problem
is given in Chapter 4. The problem of pseudorotation in this ubi symmetry is
disussed as an introdution to the general behaviour to be expeted in the study
of the more advaned systems. This problem has been studied over a very long
period of time [5, 6℄, and the low dimensionality of it failitates interpretation of
the results using simple graphial methods.
Some work has already been published on pseudorotation in the C
−
60 anion [2℄.
A natural extension of this work is to onsider the ase of the doubly-harged C
2−
60
dianion. Therefore, in Chapter 5, a p2 ⊗ h JT Hamiltonian is developed to model
3
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this ion whih inludes seond order eletron-vibration interations. This is the
rst time that this system has been onsidered at this level of sophistiation and
we use the results to disuss the pseudorotation to be expeted in this ion. For
this system, the ompliation that arises due to the presene of two eletrons will
be avoided by ignoring the term splitting through the study that appears from
the eletron repulsion. Overall, at this level of approximation, it is found that the
APES ontains minima of either D5d or D3d symmetry. The expressions for the
energies are derived for these minima and the linear ombinations of the states
are formulated for the ion at intermediate oupling strengths. Pseudorotation is
then onsidered.
A further investigation of the system when the repulsion between the two ele-
trons is inluded will be presented in Chapter 6. This is done by inluding the
Hamiltonian that represents the splitting between the resultant eletroni terms
1Hg and
1Ag. The strength of the Coulomb interation is not well known and so
a new variable has to be inluded in the theory in order to obtain an analytial
expressions of the energies for the dierent states.
In Chapters 7 and 8, our attention moves to the ations of C60. These are impor-
tant beause it is alulated that the vibroni oupling in these ions is larger than
in the anions [7℄. Thus, it may be easier to detet pseudorotation in these systems
ompared to their negatively doped ounterparts, although they are diult to
obtain experimentally. Both C
+
60 and C
2+
60 are investigated. Eah ation shows
dierent tunnelling behaviour depending on the distorted symmetry involved. C
+
60
distorts to either pentagonal, D5d, or trigonal, D3d, symmetry, while the C
2+
60 dis-
torts to either D3d, D5d, D2h or C2h symmetries. A study of the pseudorotation
between these more exotially distorted minima is then arried out for the ase
where C
2+
60 undergoes distortion to D2h symmetry.
Finally, in Chapter 9, general onlusions are drawn and a summary of the main
results of the thesis are given.
4
Chapter 2
Bakground theory
The JT eet was explained for the rst time in the spring of 1936 by H. Jahn
and E. Teller at the Washington meeting of the Amerian Physial Soiety. The
bakground to this theoretial announement started two years earlier following a
disussion between Teller and Landau onerning the degenerate eletroni states
in linear moleules suh as CO2. The Landau hypothesis was that a moleule with
orbitally degenerate eletroni states would be unstable with respet to symmetry-
lowering distortions of its nulear onguration. Relying on a PhD thesis of Teller's
student (R. Renner) whih dealt with linear triatomi moleules, Teller was able
to onvine Landau that linear moleules were an exeption to this general sup-
position. In the following year, Teller met Jahn in London and together they
demonstrated that linear moleules were the only exeption to this theory for
the ase of orbital degeneray. The other exeption is Kramer's degeneray for
spin doublets, whih annot be removed through any nulear displaement but
will split under an external magneti eld. They nally formulated their theorem
whih formally states: for any non-linear moleular system in a degenerate ele-
troni state a distortion will our so as to lower the symmetry and remove the
degeneray and lower the energy [8℄. One of the most important onsequenes
of this is that the perfet geometry of the moleule an no longer exist, sine the
distorted moleule is the energetially preferred struture.
Later, in 1939, a paper was written by J. Van Vlek devoted to the JT eet [9℄.
It presented the interation between a 2-fold degenerate eletroni term E and
2-fold degenerate e vibrations. This so-alled E ⊗ e interation was explored for
the rst time and it showed that the adiabati potential energy surfae (APES)
has the form of a Mexian hat. In this paper, Van Vlek wrote that it is a great
5
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merit of the JT eet that it disappears when not needed. This announement
showed the poor understanding at that time of the observable eets that arise as
a onsequene of the JT interation. The misunderstanding of the JT eet lasted
for almost two deades and this was onrmed in 1960 when Low stated in his
book it is a property of the JT eet that whenever one tries to nd it, it eludes
measurements [10℄.
In 1950, Abragam and Prye were the rst to reveal the dynamial nature of
the JT distortions by analysing the temperature dependene of the eletroni spin
resonane (ESR) spetra of Cu
2+
ompounds [11℄.
Seven years later, Öpik and Prye developed a method to nd the number and
kind of the minimum points or wells of the APES for the T⊗(e+t2) interation [4℄.
From 1957-1958, Mot and Thorson [12℄ and Longuet-Higgins et al. [13℄ showed
that the wave funtions of a moleule exhibiting a JT interation should be vi-
broni in nature (i.e.ontain both eletroni and vibrational parts that an not be
separated). In the same period, Liehr and Ballhausen were the rst to inlude
the quadrati terms of vibroni interations in the E ⊗ e interation [14℄. They
explored the nature of the warping of the E⊗e APES (i.e.warping of the Mexian
hat). They found three equivalent minima along the bottom of the trough whih
orrespond to the three diretions of tetragonal distortions of the system. Sine
that time, a onsiderable number of publiations have explored many dierent
kinds of JT systems.
In 1961-1963, Bersuker was the rst person to onsider the splitting of the lowest
vibroni energy levels due to the tunnelling of the system between the isoenergeti
distorted ongurations [15℄. Subsequently, in 1964, O'Brien treated the E ⊗ e
JT problem numerially with the linear and quadrati oupling inluded and al-
ulated the orresponding energy levels [16℄. One year later, a major advane in
this eld was ahieved by Ham, when he introdued the onept of the vibroni
redution fator whih allows physial properties of eletroni origin to be alu-
lated without fully solving the vibroni oupling problem [17℄. In 1972, Englman
published the rst book whih presents a full understanding of the basis of the
JT theory as a whole [18℄.
However, during these years virtually all of the researh work on the JT eet
was direted towards ubi moleules and rystals. At that time, there was little
6
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interest in iosahedral systems as only a few examples were known to exist. In
1978, Khlopin et al. were the rst to study in detail the JT eet in these systems
and they found solutions to various iosahedral problems [19℄. Another important
work on iosahedral systems at that time was by Pooler in 1980 who disussed the
underlying group theory and possible symmetries of the Hamiltonian [20℄.
In 1985, the interest in iosahedral systems signiantly inreased due to the
disovery of the Bukminsterfullerene C60 moleule by Kroto et al. [21℄. Sine
then, many publiations onerning JT eets in this moleule have been written.
In fat, the high degeneray of the eletroni and vibrational states of this moleule
makes it a rih area for JT studies as the latter requires the presene of eletroni
degeneray.
In 1987, Bates and Dunn developed a new tehnique for studying strongly ou-
pled JT systems whih involves making unitary shift transformations [3℄. They
applied this method to study the T ⊗ (e + t2) JT system and the results ob-
tained showed a good agreement with those previously obtained by other authors,
with one extra advantage that the states produed were automatially vibroni
in nature. In 1995, the same method was applied by Dunn and Bates [22℄ to
investigate the more ompliated T1u ⊗ hg JT system in the fullerene C−60. This
was the rst time that vibroni states and their energies were written down in
an expliit algebrai form for systems of iosahedral symmetry. This method has
been used almost without exeption in this thesis to study several JT interation
Hamiltonians of interest and will be disussed in more detail in Setion 2.3.1.
Any moleular system subjet to the JT eet an be desribed by a general
form of Hamiltonian. This Hamiltonian usually has a ompliated form and an-
not be solved diretly. Therefore, several approximations are used in order to
simplify this Hamiltonian. Important examples inlude the adiabati and har-
moni approximations and these are introdued in Setion 2.1. Applying these
approximations leads to a less ompliated form of Hamiltonian known as the vi-
broni (interation) Hamiltonian from whih the JT eet an be studied. This
vibroni Hamiltonian an be solved using the unitary shift transformation. New
positions of the nulear displaements are produed as a result of this transfor-
mation. In order to loate these positions in the nulear frame and to nd the
orresponding states, a very useful method rst used by Öpik and Prye will be
used. This method is disussed fully in Setion 2.3.2. Projetion operator teh-
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niques and the onept of symmetry-adapted states (SASs) for the system will
be introdued together with a disussion of their usefulness and appliation in
Setion 2.3.3.
2.1 The adiabati approximation
For an isolated moleule, the vibrational motion of the atoms an be resolved into
fundamental vibrational motions for the entire moleule, alled normal modes of
vibration. The normal oordinate Q represents the progress of the normal mode
so that it an be followed. The Hamiltonian for suh a moleule is of the form
Hˆ(r,Q) = Tˆel(r) + TˆN(Q) + Uˆ(r,Q), (2.1.1)
where
Uˆ(r,Q) = Vˆel(r,Q0) + VˆN(Q) + Vˆ (r,Q), (2.1.2)
and where r and Q represent the eletroni and the normal oordinates respe-
tively. The term Tˆel(r) represents the kineti energy of the eletrons, TˆN(Q) is the
kineti energy of the nulei, while Uˆ(r,Q) inludes the eletroni Vˆel(r,Q0) and
nulear VˆN (Q) potential energies. Vˆ (r,Q) represents the eletron-nulei intera-
tion. This is the term whih onerns us most in this thesis. The orresponding
Shrödinger equation to the above Hamiltonian is very diult to solve due to
the omplexity of its terms. Therefore, it is neessary to introdue some ap-
proximations to solve it. One of these approximations is known as the adiabati
approximation due to Born and Huang [23℄. Under this approximation, the nu-
lear motion is assumed to be slow ompared to the eletroni motion, beause
the nulei are muh heavier than the eletrons and an therefore be expeted to
move slowly. This assumption allows the eletroni Shrödinger equation to be
solved rst for the ase of stati nulei, whilst regarding the nulear kineti energy
TˆN(Q) as a small perturbation. The total Hamiltonian in Eq. (2.1.1) an therefore
written as
H(r,Q) = [Tˆel(r) + Vˆel(r,Q0)] + {VˆN(Q) + Vˆ (r,Q)}. (2.1.3)
The terms in the square brakets [ ℄ desribe the eletroni motion of the stati
nulei, while the urly brakets {} desribe the oupling between the eletroni
motion and the nulear vibrations. It should be noted here that the oordinates
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Q0 represents the undistorted high symmetry onguration of the moleule or
ion, while Q represents the oordinates of the distorted onguration. Thus the
eletroni Shrödinger equation an be written as
[Tˆel(r) + Vˆel(r,Q0)]uΓi(r,Q0) = E0Γ(Q0)uΓi(r,Q0), (2.1.4)
where uΓi(r,Q0) are the eletroni eigenvetors whih provide an eletroni basis
for a matrix representation of the Hamiltonian (2.1.3), E0Γ are the orresponding
eigenvalues and Γi indexes the set of wave funtions. Here, Γ identies an eletroni
irrep and i the omponent of the irrep.
From perturbation theory, orretions to the eletroni energies E0Γ(Q0) an be
made, if the distortion in the nulear framework and the oupling between the
normal modes and the eletrons is dealt with as a perturbation. Therefore, the
vibroni oupling an be studied by solving the energy perturbation equation
{VˆN(Q) + Vˆ (r,Q)}uΓi(r,Q) = EΓi(Q)uΓi(r,Q). (2.1.5)
This equation enables us to determine the energy orretions due to the nulear
distortions and the vibroni oupling. The vibroni interation removes the ele-
troni degeneray and therefore it is onvenient to write the uΓi(r,Q) in the form
of the expansion
uΓi(r,Q) =
∑
i
ci(Q)uΓi(r,Q0). (2.1.6)
The states uΓi(r,Q) are alled stati JT eigenvetors or adiabati eigenvetors. The
energy eigenvalues EΓi(Q) are the APESs whih ontain several stationary points
suh as maxima, minima and saddle points. It is assumed that these APESs are
well separated and mixing between them an be ignored when the vibroni oupling
is onsidered [23, 5℄. In this ase the vibroni states may be approximated to a
simple produt of states
ΨΓi(r,Q) = ψΓi(Q)uΓi(r,Q), (2.1.7)
where ψΓi(Q) desribes the nulear motion of the moleule and the eletroni
state uΓi(r,Q) of the moleule is the assoiated states with the APES dened
by EΓi(Q). The approximation whih led to this equation is alled the adiabati
Born-Oppenheimer approximation [24℄.
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2.2 The vibroni Hamiltonian
A further approximation alled the harmoni approximation an now be made to
simplify the above Hamiltonian in Eq. (2.1.5) in order to nd a simple form for
the vibroni Hamiltonian. This an be done by assuming that the amplitudes of
the nulear vibrations are small ompared with the inter-nulear separation. This
allows the potential Vˆ (r,Q) in Eq. (2.1.5) to be expanded as a Taylor series about
the equilibrium onguration Q0 in the form:
Vˆ (r,Q) = Vˆ (r,Q0) +
∑
i

(∂Vˆ (r,Q)
∂Qi
)
Q0
(Qi −Q0i)


(2.2.1)
+
1
2
∑
ij

(∂2Vˆ (r,Q)
∂Qi∂Qj
)
Q0
(Qi −Q0i)(Qj −Q0j)

+ . . .
Here, Vˆ (r,Q0) represents the eletrostati potential energy experiened by the a-
tive eletron with the nulei xed at Q = Q0 and the sums over i and j are over all
the nulei in the moleule. It is too ompliated to deal with the expansion in the
above equation for real moleules beause the sums over the many nulei beome
large. Therefore, it is neessary to use a oordinates system that represent the
whole movement of the framework of the nulei in the moleule whih transform
aording to the irrep of the point group of the problem. These oordinates are
alled the olletive symmetrized oordinates QΓγ whih will replae the oordi-
nate system used above. Thus, eah of the QΓγ represents a net displaement of
all the nulei, and transform as the omponent γ of the irrep Γ of the moleule's
point group.
In terms of these oordinates, Eq. (2.2.1) an be rewritten as
Vˆ (r,Q) = Vˆ (r,Q0) +
∑
Γγ


(
∂Vˆ (r,Q)
∂QΓγ
)
Q0
QΓγ


(2.2.2)
+
1
2
∑
Γiγi
∑
Γjγj


(
∂2Vˆ (r,Q)
∂QΓiγi∂QΓjγj
)
Q0
QΓiγiQΓjγj

+ . . .
or
Vˆ (r,Q) = Vˆ (r,Q0) +
∑
Γγ
VˆΓγ(r,Q)QΓγ +
1
2
∑
Γiγi
∑
Γjγj
WˆΓiγi,Γjγj (r,Q)QΓiγiQΓjγj .
(2.2.3)
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VˆΓγ(r,Q) and WˆΓiγi,Γjγj (r,Q) are alled the linear and quadrati oupling onstants
respetively.
This equation an be further simplied by expressing the terms WˆΓiγi,Γjγj (r,Q)
and QΓiγiQΓjγj in tensor forms
{Wˆ (Γi ⊗ Γj)}Γγ =
∑
γi
∑
γj
[
WˆΓiγi,Γjγj (r,Q)〈Γiγi Γjγj|Γγ〉
]
(2.2.4)
and
{Q(Γi ⊗ Γj)}Γγ =
∑
γi
∑
γj
[
QΓiγiQΓjγj〈Γiγi Γjγj|Γγ〉
]
. (2.2.5)
Therefore, the vibroni potential Eq. (2.2.3) an be rewritten in the form
Vˆ (r,Q) = Vˆ (r,Q0) +
∑
Γγ
VˆΓγ(r,Q)QΓγ (2.2.6)
+
1
2
∑
Γγ
∑
ΓiΓj
{Wˆ (Γi ⊗ Γj)}Γγ{Q(Γi ⊗ Γj)}Γγ.
The rst term in this equation is the potential energy of the eletron as mentioned
before in Eq. (2.1.2). Substituting the above potential into Eq. (2.1.2) and then
into the Hamiltonian Eq. (2.1.1) gives
Hˆ(r,Q) = Hˆe(r,Q0) + Hˆv(r,Q), (2.2.7)
where the eletroni Hamiltonian is given by
Hˆe(r,Q0) = Tˆel(r) + Vˆ (r,Q0), (2.2.8)
and the vibroni Hamiltonian as
Hˆv(r,Q) =
∑
Γγ
VˆΓγ(r,Q)QΓγ (2.2.9)
+
1
2
∑
Γγ
∑
ΓiΓj
{Wˆ (Γi ⊗ Γj)}Γγ{Q(Γi ⊗ Γj)}Γγ .
2.2.1 Basis wave funtions
In order to study the JT interation, we shall use the matrix representation form
of the JT Hamiltonian. As shown above, several assumptions have been made
to simplify the moleular Hamiltonian in order to derive a general form of the
vibroni Hamiltonian from whih the JT eet an be studied. Now, the vibroni
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Hamiltonian in Eq.(2.2.9) an be expressed as a matrix representation by plaing
it between the eletroni states uΓi(r,Q0) whih form the basis for the matrix.
This is written as
〈uΓi |Hˆv|uΓj〉 =
∑
Γγ
〈uΓi|VˆΓγ(r,Q)|uΓj〉QΓγ (2.2.10)
+
1
2
∑
Γγ
∑
ΓiΓj
〈uΓi|Wˆ (Γi ⊗ Γj)Γγ|uΓj〉Q(Γi ⊗ Γj)Γγ .
This matrix element an be simplied further if we exlude the term for the totally
symmetri A mode. The A term whih is linear in QΓγ auses an energy shift to
all the eletroni levels and an therefore be ignored by redening the zero of
energy. The other term whih is quadrati in QΓγ is equal to the elasti energy
of the nulei
1
2
∑
Γγ µω
2
ΓQ
2
Γγ , where µ and ω are the redued mass of the nulei
and the frequeny of vibrations respetively. The elasti energy an be added to
the kineti energy of the nulei
1
2
∑
Γγ
1
µ
P 2Γγ to form the Hamiltonian for a set of
simple Harmoni osillators
HSHO = 1
2
∑
Γγ
(
1
µ
P 2Γγ + µω
2
ΓQ
2
Γγ
)
, (2.2.11)
where PΓγ is the linear momentum of the nulei.
The Wigner-Ekart theorem [25℄ an be applied to Eq. (2.2.10) so that the
matrix elements on the right an be written as
〈uΓi |VˆΓγ(r,Q)|uΓj〉 = 〈uΓ||VˆΓ(r)||uΓ〉 〈ΓγuΓi|uΓj〉 (2.2.12)
〈uΓi |Wˆ (Γi ⊗ Γj)Γγ|uΓj〉 = 〈uΓ||Wˆ (Γi ⊗ Γj)Γ||uΓ〉 〈ΓγuΓi |uΓj〉.
The 〈uΓ||VˆΓ(r)||uΓ〉 and 〈uΓ||Wˆ (Γi⊗Γj)Γ〉 are alled the redued matrix elements
or respetively the linear and quadrati vibroni oupling oeients. They mea-
sure the strength of the eletron-phonon oupling in both the linear and quadrati
interation and for simpliity they will be denoted by VΓγ and W
ΓiΓj
Γ .
Now, the interation Hamiltonian Eq. (2.2.10) an be rewritten in matrix form
as
〈uΓi|Hˆv|uΓj〉 =
1
2
∑
Γγ
(
1
µ
P 2Γγ + µω
2
ΓQ
2
Γγ
)
I (2.2.13)
+
∑
Γγ 6=A
VΓγQΓγ〈ΓγuΓi |uΓj〉
+
1
2
∑
Γγ 6=A
∑
ΓiΓj
W
ΓiΓj
Γ Q(Γi ⊗ Γj)Γγ〈ΓγuΓi|uΓj〉.
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where I is the identity matrix. This is alled the vibroni Hamiltonian in whih
the rst term desribes a set of simple harmoni osillators. The seond term
represents the linear oupling between the eletrons and phonons whilst the third
term represents the quadrati oupling. The 〈ΓγuΓj |uΓi〉 terms are alled the
Clebsh-Gordon (CG) oeients [26, 27℄. These oeients an be arranged into
square matries of dimension [Γ× Γ].
The terms in the above Hamiltonian an be dened as
Hvib = 1
2
∑
Γγ
(
1
µ
P 2Γγ + µω
2
ΓQ
2
Γγ
)
I, (2.2.14)
Hint =
∑
Γγ 6=A
VΓγQΓγ〈ΓγuΓi|uΓj〉,
Hquad = 1
2
∑
Γγ 6=A
∑
ΓiΓj
W
ΓiΓj
Γ Q(Γi ⊗ Γj)Γγ〈ΓγuΓi |uΓj〉.
Thus, a general form of the total vibroni Hamiltonian may be expressed as
Htot = Hvib +Hint +Hquad (2.2.15)
The above form of the Hamiltonian is the one whih an apply to any JT system.
The linear interation Hamiltonian for the T1u ⊗ hg JT system will be taken here
as an example of how to onstrut suh a Hamiltonian. Let us start with the
seond term in Eq. 2.2.14, this term an be expanded as
Hint = V1Qθ


〈T1xhθ|T1x〉 〈T1xhθ|T1y〉 〈T1xhθ|T1z〉
〈T1yhθ|T1x〉 〈T1yhθ|T1y〉 〈T1yhθ|T1z〉
〈T1zhθ|T1x〉 〈T1zhθ|T1y〉 〈T1zhθ|T1z〉

+ . . . , (2.2.16)
where T1α represents the α omponent of the T eletroni states whih forms the
bases for the matrix representation, hθ is the θ omponent of the h vibrational
mode and 〈T1xhθ|T1x〉 is a CG oeient whih are given in Ref. [27℄. The ellipsis
represents equivalent terms for the other omponents of {hθ, hǫ, h4, h5, h6}. Con-
struting the interation Hamiltonian is straightforward now but are should be
taken when using the tables in Ref. [27℄ to obtain CG oeients. Substituting
the CG oeients, this Hamiltonian beomes
Hint = 1
2
√
3
5
V1Qθ


φ−1 0 0
0 −φ 0
0 0 1

+ . . . , (2.2.17)
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where φ = 1
2
(
√
5 + 1) is the golden mean.
Summing all the omponents, the linear interation Hamiltonian for this system
has the form [22℄,
Hint =
√
3
2
√
5
V1


φ−1Qθ +
φ2Qǫ√
3
√
2Q6
√
2Q5√
2Q6 −φQθ − φ−2Qǫ√3
√
2Q6√
2Q5
√
2Q4 Qθ −
√
5
3
Qǫ

 . (2.2.18)
Further details on the onstrution of suh matries an be found in Refs. [28℄
and [29℄.
2.2.2 The adiabati potential energy surfae (APES)
Assuming that the above vibroni Hamiltonian may be diagonalized, as mentioned
earlier, a set of APESs will be generated. If the oupling is strong, the energy
dierene between the APESs will be muh greater than the vibrational energy ~ω.
Therefore, it is assumed that the nulear motion is onned to the lowest APES
(LAPES). An analysis of this LAPES shows that, when only linear oupling terms
are inluded, there will be either a ontinuous equal energy surfae (trough) or a
set of distint minima (wells). If the quadrati oupling terms are inluded, then
for the ase when the energy surfae is a trough, the surfae of the trough will
warp to give loal minima (for example, this happens in the E ⊗ e system). In
the ase of wells, the depth of the wells and their separation from eah other will
be modied with no hange in the behaviour of the system. The work presented
in this thesis assumes the ase when the LAPES shows distint minima through
linear or quadrati oupling.
Up to this point, the wave funtions for eah ase are speied aording to
the strengths of the oupling. In innite oupling where the wells are innitely
deep, the JT system is loalised in one of the wells and therefore the eigenstates
for the system will be the assoiated well states, and this what is alled a stati
JT system.
For nite oupling strengths, when the height of the barriers between the wells
is nite, the system will be able to tunnel from one well to another and therefore
the orret eigenstates will be the symmetry-adapted states whih are linear om-
binations of the well states. The tunnelling between wells of the system is known
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as the dynamial JT eet.
2.3 Computational methods
This setion presents some tehniques that will be used to treat JT problems in
the ase when the APES has the form of distint minima.
2.3.1 The unitary shift transformation
The interation Hamiltonian (2.2.13) is still very diult to diagonalize within the
eletroni basis in order to nd the well positions (or minima) on the LAPES and
the assoiated states. The diulty arises beause the vibroni Hamiltonian still
inludes both eletroni and vibrational terms. An eient method to deal with
this problem is to use a unitary shift transformation. This method was introdued
by Bates and Dunn [3℄ and involves applying a transformation operator to the
Hamiltonian in order to displae, or shift, eah of the nulear oordinates Qj to
points Qj−αj~, where the αj speify the positions of the wells on the APES. The
unitary shift operator is dened as
U = exp
[
i
∑
j
αjPj
]
, (2.3.1)
where Pj is the momentum operator onjugate to Qj . These are expressed in
terms of reation and annihilation operators b†j and bj , respetively, as follows
Pj = −i~ ∂
∂Qj
= i
√
~µω
2
(
bj − b†j
)
(2.3.2)
Qj = −
√
~
2µω
(
bj + b
†
j
)
(2.3.3)
where bj and b
†
j at on the states in the following way
b |n〉 = √n |n− 1〉 , (2.3.4)
b† |n〉 = √n + 1 |n+ 1〉 . (2.3.5)
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The general form of the Shrödinger equation for the system is written as the total
Hamiltonian operating on the untransformed vibroni state as
Htot|Ψ′〉 = E|Ψ′〉 (2.3.6)
U †Htot|Ψ′〉 = E U †|Ψ′〉
U †HtotU U †|Ψ′〉 = E U †|Ψ′〉
or
H˜|Ψ〉 = E |Ψ〉 (2.3.7)
where a tilde indiates the transformed Hamiltonian H˜ = U †HtotU and |Ψ〉 =
U †|Ψ′〉. The untransformed eigenfuntions are therefore
|Ψ′〉 = U |Ψ〉. (2.3.8)
The advantage of ating by the shift operator is that, the full vibroni Hamiltonian
Eq. (2.2.15) may be split into two terms as
H˜ = U †HtotU = H˜1 + H˜2, (2.3.9)
The H˜1 term ontains only values of αj while H˜2 ontains all the other terms
related to Qj and Pj . As our aim is to determine the ground states of the system
in strong oupling, only the H˜1 term needs to be onsidered. At this stage, we
ignore the H˜2 terms.
The shift transformation is aomplished as follow
H˜ = U †HtotU
= U †[Htot, U ] + U †UHtot
= U †[Hvib, U ] + U †[Hint, U ] + U †[Hquad, U ] +Htot (2.3.10)
Simplifying this Hamiltonian an be ahieved readily with the help of the following
ommutators
[Qj, Pk] = i~δjk,
[Qj , U ] = −~αjU,
[QjQk, U ] = U~ (~αjαk − αjQk − αkQj)
= −~ (~αjαk + αjQk + αkQj)U, (2.3.11)
whih an be easily veried by diret alulation. We are only interested in nding
H˜1 and so anything still involving phonon operators an be dropped beause they
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will belong to H˜2. For example, the rst term in Eq. 2.3.10 an be written, using
Eq. (2.3.11), as
U †[Hvib, U ] = 1
2
U †
∑
j
(
1
µ
[P 2j , U ] + µω
2[Q2j , U ]
)
=
1
2
~µω2
∑
j
(
~α2j − 2αjQj
)
. (2.3.12)
Therefore, it will ontribute
1
2
~
2µω2
∑
j α
2
j to H˜1 and −~µω2
∑
j αjQj to H˜2.
Having obtained H˜1, the values of αj required to minimise the energy (and their
assoiated eigenfuntions) an be determined by using the minimisation proedure
developed by Öpik and Prye, whih will be disussed in the following setion.
2.3.2 The method of Öpik and Prye
This method is onerned with identifying the positions of the stationary points
on the APES. Aording to the approximations disussed previously, we have
produed a Hamiltonian H˜1(αj) that ontains only values of αj and satises the
Shrödinger equation
H˜1(αj)|Ψ(r)〉 = E|Ψ(r)〉, (2.3.13)
where Ψ(r) is the eigenvetor (assumed normalised so that 〈Ψ(r)|Ψ(r)〉 = 1) whih
an be desribed by c
i
parameters that represents the diretion osines between
the eigenvetor Ψ(r) and the main omponents of the eletroni basis. The energy
of the system is given by the expetation value of H˜1(αj) within the eletroni
eigenvetor Ψ(r) as
E = 〈Ψ(r)|H˜1(αj)|Ψ(r)〉. (2.3.14)
Following the method of Öpik and Prye [4℄, we minimize this expression for the
energy with respet to the values of αj by setting
∂E
∂αj
= 0 (2.3.15)
=
∂
∂αj
(
〈Ψ(r)|H˜1(αj)|Ψ(r)〉
)
= 〈Ψ(r)|∂H˜1(αj)
∂αj
|Ψ(r)〉,
A set of equations for αj the positions on the APES in terms of ci may be found.
These steps are analogous to those aomplished by Ceulemans and Fowler in
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Ref. [30℄. Substituting these αs bak into Eq. (2.3.14) gives an expression whih
is a funtion of c
i
only namely
E = 〈Ψ(r)|H˜1(ci)|Ψ(r)〉. (2.3.16)
By minimising this expression with respet to these parameters as
∂E
∂c
i
= 0 (2.3.17)
=
∂
∂c
i
(
〈Ψ(r)|H˜1(ci)|Ψ(r)〉
)
= 〈Ψ(r)|∂H˜1(ci)
∂c
i
|Ψ(r)〉,
the eletroni oeients an be found and therefore the transformed eletroni
eigenvetors |A; 0〉 an be obtained. The values of the αjs an then be alulated
straightforwardly by substituting the eletroni oeients into the equations ob-
tained for the αjs.
The vibroni states whih are the eigenstates for the interation Hamiltonian
Htot before the shift transformation, an be found by multiplying the transformed
eletroni eigenvetors |A; 0〉 by the value UA for that state namely
|A′; 0〉 = UA|A; 0〉 = UA|A〉|0〉, (2.3.18)
where |A〉 represents the transformed orbital state and |0〉 denotes that all phonon
modes are in their ground states. The states like (2.3.18) are alled the untrans-
formed states (or Glauber states [31℄) and they are automatially vibroni as the
shift operators UA ontain phonon operators.
2.3.3 Projetion operators
In the previous setion, it has been shown how the positions of the minima in
the APES an be loated by using the Öpik-Prye method and therefore the form
of the assoiated wave funtions at the minima an be found. As mentioned in
Setion 2.2.2, if the system has innite oupling, then the system will be loalised
in one of these minima and the vibroni states obtained already for the system
are good eigenstates for the stati JT ase. However, if the oupling strength
is nite, then the vibroni states assoiated with the wells are not appropriate
eigenstates for the system as a whole and the orret eigenstates will be a linear
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ombination of the well states due to the tunnelling between the wells (see e.g.
Refs [32℄ and [33℄). Therefore, the projetion operator tehnique an be used to
onstrut the required ombination whih generates a set of symmetry adapted
states (SASs) from a set of non-symmetrized states.
The general theory of projetion operators an be found in Refs. [34℄-[35℄. For
any point group of symmetry G with irreps Γi, the projetion operators ρits for
eah of the irreps an be dened as [36℄
ρits =
di
g
∑
R∈G
Dits(R)
∗Rˆ, (2.3.19)
where g is the order of the group G, di is the dimension of the irreps Γi, Rˆ is a
symmetry operation of the group G and Dits(R)∗ is the omplex onjugate of the
tsth element of the matrix representation of the symmetry operation Rˆ. The eet
of the operator ρits when applied to a state of undened symmetry ating in a
spae of group operators produes either zero or a linear ombination of the basis;
for the irreps Γi (e.g. Γi for the group I are A, T1, T2, G and H). In another
words, a omplete basis set of SASs an be obtained by applying the projetion
operator for eah irrep to an arbitrary funtion until we obtain all the required
basis states. For example, for the T ⊗ h problem it was found that for the ase
of D5d minima, on applying the projetion operator with T1ux irrep to |A′; 0〉 the
state of well A, the obtained SAS has the form
|T1ux〉 = [φ−1(|C ′; 0〉+ |D′; 0〉) + (|E ′; 0〉 − |F ′; 0〉)], (2.3.20)
where |T1ux〉 is the SAS of T1ux irrep. In order to onstrut the projetion operators
for a ertain point group, the matrix representations of the symmetry operations
for eah irrep are required. For the C60 moleule, some of the required matries
are given in Ref. [37℄.
To nd the energies orresponding to the SASs, the matrix elements of the total
HamiltonianHtot between all relevant untransformed vibroni states |X ′; 0〉 should
be evaluated rst. This an be done by evaluating
MX1X2 = 〈X ′1; 0|Htot|X ′2; 0〉. (2.3.21)
The energy of the SASs follow from these MX1X2 . Applying this to the above SAS,
we an nd that the energy of the state is
ET1u =
MCD + . . .
〈T1ux|T1ux〉 . (2.3.22)
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The denominator here involves matrix elements of the form 〈C ′; 0|Htot|D′; 0〉,
whih an be simplied to S〈D′|C ′〉elect. The term S refers to the phonon over-
lap 〈0|U †DUC |0〉 whih an be obtained for the dierent wells D and C using the
formula
S = exp
[
−1
2
∑
i
(
C
(D)
i − C(C)i
)2]
, (2.3.23)
where
C
(j)
i = −
√
~µω
2
α
(j)
i , (2.3.24)
and j labels the omponents of the phonon states (e.g. for the h mode j =
{θ, ǫ, 4, 5, 6}). Further information about Eq.(2.3.23) an be found in Ref. [33℄.
2.4 The iosahedral point group
Sine our interest in this thesis is to study the dynami JT systems in dierent
systems involving C60 ions, it is very useful to start by onsidering the symmetry
group to whih our fundamental system belongs. This will failitate identifying
the eletroni and vibrational states in JT systems by labelling them with the help
of group theory.
The C60 moleule belongs to the iosahedral point group (Ih), whih is the
largest symmetry point group allowed in three dimensional spae. The moleule
itself possesses the geometry of a trunated iosahedron as shown in Fig. 2.1, with
the 60 arbon atoms loated at the verties. Twelve pentagonal faes replae the
twelve trunated verties of the iosahedral and twenty hexagonal faes replaing
the twenty triangles. The symmetry group I of the iosahedron onsists of 60
rotation operations, whih orrespond to the rotation of the iosahedron by an
angle α = 2π
n
about the various n-fold symmetry axes present. In all, there are
fteen 2-fold, ten 3-fold and six 5-fold axes of rotation. The 5-fold axes join
two dierent opposing verties. The 3-fold axes join the entres of two opposite
triangles, while the 2-fold axes join the mid-points of opposite edges. The rotation
angle α divides the iosahedral rotation operators into ve lasses. The lass C1
ontains only the identity operator (E ); the lasses C2 and C3 ontain all rotations
about 5-fold symmetry axes and the lass C4 ontains all 3-fold symmetry axes
rotations, while lass C5 ontains the 2-fold symmetry rotations.
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Figure 2.1: The gure on the left is the geometrial shape of a regular iosahe-
dron whih an be trunated to produe the C60 moleule (right).
E 12C5 12C
2
5 20C3 15C2 i 12S
3
10 12S10 20S3 15σv
Ag +1 +1 +1 +1 +1 +1 +1 +1 +1 +1
T1g +3 +φ 1− φ 0 −1 +3 φ 1− φ 0 −1
T2g +3 1− φ +φ 0 −1 +3 1− φ φ 0 −1
Gg +4 −1 −1 +1 0 +4 −1 −1 +1 0
Hg +5 0 0 −1 +1 +5 0 0 −1 +1
Au +1 +1 +1 +1 +1 −1 −1 −1 −1 −1
T1u +3 +φ 1− φ 0 −1 −3 −φ φ− 1 0 +1
T2u +3 1− φ +φ 0 −1 −3 φ− 1 −φ 0 +1
Gu +4 −1 −1 +1 0 −4 +1 +1 −1 0
Hu +5 0 0 −1 +1 −5 0 0 +1 −1
Table 2.1: Charater table for the Ih group, the golden mean φ =
1
2(1 +
√
5).
.
The C60 moleule also possesses inversion through its entre as a further lass
of symmetry operations. Interhanging any of the sixty arbon atoms with its
opposite atom by inversion leaves C60 unhanged. Thus, the inversion operator
(i) (or parity operator) an be inluded as an additional symmetry operator for
the C60 moleule. Combining this operator with the 60 operations of the group I
produes the full 120 element, iosahedral point group Ih with 10 lasses inluded.
The lassiation of the lasses of the full group in terms of their harater is
shown in Table 2.1.
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2.4.1 Irreduible representations (irreps)
As mentioned above, identifying the moleule's symmetry in terms of the symme-
try operations onforms with the mathematial requirements of the moleule. In
other words, using tools provided by group theory to desribe and analyse some
of the physial properties of suh moleules is a powerful tehnique to failitate
understanding of the whole problem. The irreduible representations (irreps) of
the point group are one of these tools. Table 2.1 shows the irreps for the iosa-
hedral point group. In the rst olumn on the left there are ten irreps: two with
one-dimension (Ag/u), two with four-dimensions (Gg/u), two with ve-dimensions
(Hg/u) and four with three-dimensions (T1g/1u), (T2g/2u). All are subsripted a-
ording to whether the basis states of their matrix representations are even (g) or
odd (u). Eah of the irreps is dened by basis funtions that transform among
themselves. For example, the irrep T1u related to the omponents {px, py, pz} of
p-orbital. The omplete set of basis funtions is most onveniently dened in
terms of spherial harmonis wave funtions. Therefore, the irreps of the group
Ih an be lassied in terms of spherial harmonis wave funtions as shown in
Table 2.2 [38℄. This table tells us that eah of the irreps of the group Ih an be
expressed as spherial harmonis Yl,m with spei angular momentum quantum
number.
It is onvenient to label the eletroni and vibrational states of the C60 moleule
using the irreps of the iosahedral point group. In the following hapters, JT
systems relevant to C60 moleules and ions will be lassied using suh irreps
labels. The eletroni states will be labelled using upperase letters, while the
vibrational states will be denoted by lowerase letters. For example, the T ⊗ h
system involves a oupling of an eletroni T triplet with a set of ve dimensional
h-type quintet vibrations.
2.4.2 Eletroni struture of C60
Sine the JT interations in C60 ions deal with the eletroni struture of the
moleule, it is worthwhile reviewing the eletroni struture of the isolated C60
moleule. Hükel moleular orbital (HMO) theory provides a useful starting point
for the energy levels of the undoped C60 [39℄, so that we an subsequently onsider
its anioni and ationi forms. Fig. 2.2 shows that the ground state of neutral
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l Irreps of Ih
0 Ag
1 T1u
2 Hg
3 T2u ⊕Gu
4 Gg ⊕Hg
5 T1u ⊕ T2u ⊕Hu
6 Ag ⊕ T1g ⊕Gg ⊕Hg
7 T1u ⊕ T2u ⊕Gu ⊕Hu
8 T2g ⊕Gg ⊕ 2Hg
9 T1u ⊕ T2u ⊕ 2Gu ⊕Hu
10 Ag ⊕ T1g ⊕ T2g ⊕Gg ⊕ 2Hg
11 2T1u ⊕ T2u ⊕Gu ⊕ 2Hu
12 Ag ⊕ T1g ⊕ T2g ⊕ 2Gg ⊕ 2Hg
13 T1u ⊕ 2T2u ⊕ 2Gu ⊕ 2Hu
14 T1g ⊕ T2g ⊕ 2Gg ⊕ 3Hh
15 Au ⊕ 2T1u ⊕ 2T2u ⊕ 2Gu ⊕ 2Hu
Table 2.2: Spherial harmoni funtions Yl,m redued to irreps of Ih. (Based
on Ref. [38℄ with extension to l=15).
C60 possesses a losed shell eletroni struture with ten eletrons in an eletroni
quintet orbital, giving an Ag ground state. This highest oupied moleular orbital
(HOMO) has the irrep of Hu in the Ih group. The C60 moleule in this form does
not exhibit any vibroni interation beause it is non-degenerate and therefore
JT interation is unexpeted for this struture. The lowest unoupied moleular
orbital (LUMO) is an eletroni triplet orbital with T1u symmetry. This is a 3-fold
degenerate orbital and so it an hold up to six eletrons. The JT interation is
possible, therefore, if eletrons are added (or removed) from the nulear speies.
One the isolated C60 is doped, either ations C
n+
60 or anions C
n−
60 an be formed.
The ation C
n+
60 is formed when n eletrons are taken from the HOMO of the
neutral C60 moleule. The removal of eletrons will ause vaanies to appear in
the HOMO. These vaanies or `holes' behave as positively harged partiles and
an be oupled to a vibrational mode via JT interation. The other doped form
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of C60 ours by eletron addition to form C
n−
60 anions. These are formed when n
eletrons are added to the LUMO of C60 to form eletron-doped moleules. These
anions are also oupled to the vibrational modes and thus exhibit JT interations.
The eletroni struture shown in Fig. 2.2 is a good starting point for the theo-
retial analyses presented in this thesis. However, one should be aware of the vast
literature related to the eletroni struture of C60. A good general referene is
the book by Dresselhaus et al. [40℄. Spei works of partiular interest inlude
the paper by Deng and Yang [41℄ whih gives easy aess to the funtional forms
of the moleular orbitals involved and the band struture alulations of Laouini
et al. [42℄ whih onsider the moleular orbitals in the ontext of the solid state.
Another good paper is that by Green et al. [43℄ whih gives the results of density
funtional alulations of the neutral C60 moleules and its negatively harged
anions.
Figure 2.2: Hükel moleular orbital diagram for C60 showing the rst 36 or-
bitals of lower energy [44℄. Only the rst 30 are lled in neutral
C60.
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2.5 Vibroni oupling in C60
For any polyatomi moleule omposed of n atoms, the motion of eah atom an
be resolved into omponents along the three diretions of a Cartesian oordinate
system. Therefore, any moleule onsisting of n atoms possesses 3n degrees of
freedom, inluding vibrations, translations, and rotations. The vibrational mo-
tions of the atoms an always be resolved into fundamental vibrational motions
for the entire moleule, alled normal modes of vibration. It is well known that
any non-linear moleule has three translations and three rotations. Then the num-
ber of the normal modes for the non-linear moleules is 3n minus the number of
the non-vibrational motions (translations and rotations). Therefore, a polyatomi
moleule suh as C60 possesses 3n-6 normal modes of vibrations [45℄.
The C60 moleule has 180 degrees of freedom, this 180 minus the six modes of
translations and rotations leaves 174 normal modes of vibrations. Group theory
lassies the 180 degrees of freedom as au + 5t1u + 5t2u + 6gu + 7hu + 2ag +
4t1g + 4t2g + 6gg + 8hg. There is one t1u and one t1g mode that orrespond to
the translational and rotational modes. Omitting these two modes from the 180
leaves 174 vibrational modes.
It should be noted here that not all the above modes an ouple to the eletroni
orbitals to form JT interations. The modes of interest that onern us must satisfy
spei onditions to be JT normal modes. Suppose that we have an eletroni
state within iosahedral symmetry with irrep Γ and nulear oordinates QΛλ where
λ = 1, 2, ..., |Λ| whih transform as the irrep Λ. From group theory onsiderations
these oordinates whih are allow to be oupled to the eletroni Γ state orrespond
to symmetri Kroneker square [Γ ⊗ Γ]S whih ontains Λ in its deomposition
[46℄. Normal modes whih satisfy this ondition are alled JT ative modes. For
example, if T1u is the eletroni state that is involved in the oupling, the Kroneker
produt for this irrep is given by [T1 ⊗ T1] = [A ⊕ H ]S ⊕ {T1}A. Thus, the
T1u eletroni state is allowed to ouple only to the 2ag and 8hg normal modes.
Therefore, the JT interation takes the form of T1u⊗ag and T1u⊗hg. Coupling to
the ag mode is always onsidered as a trivial oupling and usually negleted, sine
the ag mode is only a breathing mode and thus does not resolve the eletroni
degeneraies but instead it has the eet of introduing a onstant shift in the
energy levels. The oupling to 8hg modes usually redued to a oupling to only
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one single eetive mode. This is beause it has been found that, the orretions
that are needed to obtain a good representation of the energy levels when all the
eight modes are inluded in the problem are quite small and do not do muh
hange to the energy levels [47℄. Therefore, oupling to a single eetive mode an
be used with ondene that will produes a good approximation of the energies
of the ground states.
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A disussion of pseudorotation in
JT systems
In light of what has been mentioned previously, it should be apparent by now
that the JT eet is usually treated as a dynamial problem rather than a stati
one. Theoretially, this approah an be analysed by studying the tunnelling
between equivalent distorted ongurations by nding the appropriate SASs. Ex-
perimentally, the dynamial JT eet ould be observed diretly via observing the
pseudorotation of the moleule using modern ultrafast spetrosopi tehniques.
Although pseudorotation phenomena in moleular systems were known [48℄
some time ago, the auses of this phenomena was not dened until reently.
Berry [49℄ assumed that the APES an be distorted into several equivalent min-
ima with small energy barriers between them and without speifying the origin
of these minima, the pseudorotation was observed as a transition between them.
Pseudorotation an be deteted using ultrafast tehniques and is expeted to be in
a time sale of a few femtoseonds faster than the moleular rotation whih itself
ours on a time sale of few pioseonds. To avoid onfusion, distintion should
be made between the real rotation of the moleule and pseudorotation. The latter
is an intramoleular motion in an angular diretion in Q spae whih appears in
real spae as a utuation travelling around the distorted geometri entre of the
luster [see Fig 3.1.(a)℄. The former happens when all atoms in the moleule rotate
simultaneously around a ommon axis of rotation usually referred to as a proper
axis [see Fig 3.1.(b)℄.
Pseudorotation in JT systems has three possible forms depending on the shape
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Figure 3.1: (a) Pseudorotation of a distorted C60 moleule, and (b) Real ro-
tation of a distorted moleule [50℄. One atom is oloured white to
distinguish the two motions.
of the APES whih, in turn, depends on the strength of the vibroni oupling
and also on the order of the Q's that are involved in the oupling [52℄. The rst
kind of pseudorotation is known as free-rotation. This happens when the APES
has a ontinuous surfae of equivalent minimum points (referred to as a trough)
and the system is free to rotate amongst these minima. The motion appears as a
rotation of the distorted nulear framework [see the seond sub-gures in (a) and
(b) of Fig 3.2℄. The seond type of pseudorotation is alled hindered rotation. This
ours when there are potential barriers between disrete minima whih are small
ompared to the quanta assoiated with the radial vibrations. As a result, the
system stays longer at the minima than at the maximum area of the barrier and
the motion will appear as slow hanges in the distorted nulear onguration [see
the third sub-gures in (a) and (b) of Fig 3.2℄. The third pseudorotation form is
alled pulsating (or utuating) motion. This motion takes plae when the height
of the potential barrier is larger than the quantum of radial vibration. In this
ase, the angular motion annot be separated from the radial motion and therefore
the dynamial motion of the system will be desribed by loalised vibrations in
the minima aompanied by tunnelling between them. This motion appears as
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Figure 3.2: (a) Represents the E ⊗ e system (the blak spot) in the LAPES
in Q spae with onseutive inlusion of rst linear (V1) and then
quadrati V2 oupling. (b) Represent the orientation of a triatomi
moleule X3 in real spae. The rst sub-gure in (a) and (b) shows
the system when there is no oupling. The seond sub-gure in
(a) shows a free rotation of the system around the bottom of the
trough whereas the seond sub-gure in (b) shows the orrespond-
ing distortion of the X3 moleule in real spae. Eah of the three
atoms moves freely along a irle of radius ρ/
√
3. The third sub-
gure in (a) represents the hindered rotation where the system is
loked into one of the isoenergeti wells due to the small height of
the potential barriers between them while the third sub-gure in
(b) shows bold points on the irles whih indiate the positions of
the wells where atoms are allowed to rest for a longer time before
moving to another position in the real spae. This gure is taken
from Ref. [51℄.
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a periodi hange in the orientation of the distorted nulear onguration and
as a pulse travelling between the equivalent wells in the APES. The APES will
have a shape similar to that in Fig 3.2 part 3(a) but with high walls rather than
the lower walls. This kind of motion leads to what is alled tunnelling splitting,
whih is one of the most important observables in the JT eet. It has the eet
of splitting the energy levels of the ground states. The mehanism of this eet
happens when there is an APES with a set of n-fold degenerate minima. Tunnelling
between these minima redues the n-fold degeneray resulting in new states with
symmetries assoiated with the point group that the system belongs to. For
example, onsider the T1u ⊗ hg system subjet to a JT interation resulting in
minima of D5d symmetry. Here there are 6 wells in the APES. It is lear that
there are no 6-fold degenerate irreps in the iosahedral point group and that
this degeneray is only aidental. Tunnelling between wells will remove this
degeneray produing a triplet T1u and a triplet T2u.
Pseudorotation in the T1u ⊗ hg JT system has been examined theoretially by
Hands et al. [2℄ using a simple tehnique involving the time-evolution operator.
Applying this operator on a well state shows whih wells the system is allowed to
visit and whih ones annot be visited during the tunnelling journey and therefore
this allows the dynamis of the pseudorotation to be followed. This theory of the
time-evolution operator will be briey disussed in Setion 3.1. Appliation of the
theory to JT systems will be given in further setions. The T1u ⊗ hg JT system
is given in Setion 3.3 as an example of how this theory has been applied and
therefore how has the system evolves with time.
3.1 The time-evolution operator
The theory of the time-evolution operator [53, 54℄ depends on the assumption that
there is a physial system with an initial state at time t0 dened as |ψ(t0)〉. How
does this state hange to |ψ(t)〉 at any later time t?
The two states an be related by means of a linear operator Ut(t, t0) suh that
|ψ(t)〉 = Ut(t, t0)|ψ(t0)〉 (t > t0), (3.1.1)
where we infer from this equation that the operator Ut(t, t0)) is a unitary operator
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that satises
Ut(t, t0)U
†
t (t, t0) = U
†
t (t, t0)Ut(t, t0) = I, (3.1.2)
where I is the unit operator, the operator that leaves any state unhanged. The
problem is to nd an expression for Ut(t, t0). To do this, we substitute Eq. (3.1.1)
into the time-dependent Shrödinger equation
i~
∂|ψ(t)〉
∂t
= H|ψ(t)〉 (3.1.3)
to get
i~
∂
∂t
(Ut(t, t0)|ψ(t0)〉) = H (Ut(t, t0)|ψ(t0)〉) , (3.1.4)
or
∂Ut(t, t0)
∂t
= − i
~
HUt(t, t0). (3.1.5)
The solution of this dierential equation depends on whether or not the Hamil-
tonian involves time. Generally, all the Hamiltonians in our study do not depend
on time and then it an be easily seen that integration of Eq. (3.1.5) leads to
Ut(t, t0) = exp[−iH(t− t0)/~]. (3.1.6)
Ut(t, t0) is known as the time-evolution operator or propagator and it an be used
to follow the temporal evolution of a system for any given initial state.
3.2 Time-evolution in JT systems
As stated earlier, any JT system an be dened by a Hamiltonian that has the
general form of Eq. (2.2.15). Note that, it has been explained that the SASs repre-
sent a good approximation to the true eigenstates of the system in the dynamial
motion. Therefore, aording to this approximation we may write
H|Γi〉 = εi|Γi〉, (3.2.1)
where εi is the energy of the ith SAS and |Γi〉 is the ith SAS having the general
form
|Γi〉 =
n∑
j=1
a
(i)
j |wj〉. (3.2.2)
In Eq. (3.2.2), the a
(i)
j are a set of real oeients appearing in front of eah well
in the SAS and |wj〉 is the j th well in the LAPES. Now, from the above equation,
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it is lear that the n expressions for the symmetry-adapted states an be inverted
to give expressions for the states assoiated with the wells as
|wi〉 =
n∑
j=1
b
(j)
i |Γj〉 (3.2.3)
where b
(j)
i are real oeients. Now, in order to study the temporal evolution of
a well state, the time-evolution operator an be applied to the well state as
Ut(t, t0)|wi〉 =
n∑
j=1
b
(j)
i exp[−iH(t− t0)/~]|Γj〉. (3.2.4)
On expanding the exponential as a power series using the identity
exp[−x] = 1− x
1!
+
(−x)2
2!
+ . . . ., (3.2.5)
the right hand side of Eq. (3.2.4) is
exp[−iH(t− t0)/~]|Γj〉 = (1− iH(t− t0)
~
+
(−iH(t− t0)/~)2
2!
+ . . .)|Γj〉
= (1− iεi(t− t0)
~
+ . . .)|Γj〉, (3.2.6)
where the last equality follows using Eq. (3.2.1). Thus, the temporal evolution of
a well state is given by
Ut(t, t0)|wi〉 =
n∑
j=1
b
(j)
i exp[−iεj(t− t0)/~]|Γj〉. (3.2.7)
From quantum mehanis, the probability Pif that a system initially loalised in
a well |wi〉 has beome loalised in another well |wf〉 a time t later is
Pif = |〈wf |Ut|wi〉|2. (3.2.8)
Multiplying Eq. (3.2.7) by 〈wf | gives
〈wf |Ut|wi〉 =
n∑
k=1
b
(k)
f 〈Γk|
n∑
j=1
b
(j)
i exp[−iεjt/~] |Γj〉 (3.2.9)
=
n∑
j=1
b
(j)
f b
(j)
i exp[−iεjt/~],
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where we have taken t0 = 0. On taking the modulus square of Eq. (3.2.9) we
obtain
Pif =
n∑
j=1
b
(j)
f b
(j)
i exp[+iεjt/~]
n∑
k=1
b
(k)
f b
(k)
i exp[−iεkt/~] (3.2.10)
=
∑
j
∑
k
b
(j)
f b
(j)
i b
(k)
f b
(k)
i exp[−i(εk − εj)t/~].
The jth and kth summations generate three onditions for this equation; either
j = k or j < k or j > k. Therefore, the above equation beomes
Pif =
n∑
j=1
(
b
(j)
f b
(j)
i
)2
(3.2.11)
+
∑
j<k
b
(j)
f b
(j)
i b
(k)
f b
(k)
i exp[−i(εk − εj)t/~]
+
∑
j>k
b
(j)
f b
(j)
i b
(k)
f b
(k)
i exp[−i(εk − εj)t/~].
The last term in this equation an be written with j ←→ k∑
j<k
b
(k)
f b
(k)
i b
(j)
f b
(j)
i exp[i(εj − εk)t/~], (3.2.12)
as j and k are dummy variables. Using the identity
2 cos θ = exp[iθ] + exp[−iθ], (3.2.13)
the nal form of the probability is either
Pif =
n∑
j=1
(
b
(j)
i b
(j)
f
)2
(3.2.14)
+ 2
∑
j<k
b
(j)
i b
(k)
i b
(j)
f b
(k)
f cos[(εj − εk)t/~],
or, alternatively,
Pif =
n∑
j=1
(
b
(j)
i b
(j)
f
)2
+ 2
∑
j<k
b
(j)
i b
(k)
i b
(j)
f b
(k)
f {1− 2 sin2[(εj − εk)t/2~]}. (3.2.15)
This equation an be used to study the temporal development of a system initially
loalised in a partiular well. As an be seen from this equation, the temporal
evolution of the probability depends on the tunnelling splitting εj − εk between
the SASs. This quantity usually given the symbol ∆ and it an be found by taking
the dierene between the energies of the SASs. For example, for the T1u ⊗ hg
system the SASs are T1u and T2u and ∆ = ET2u − ET1u .
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3.3 Appliation to C
−
60
A simple example of pseudorotation is that desribed by Hands et al. [2℄ for the C
−
60
anion. In this example, the appliation of Eq. (3.2.15) to the T1u ⊗ hg JT system
when distorted to D5d symmetry [22℄ will be given. In this ase, the system is
undergoing tunnelling between 6 wells in the APES and therefore six SASs appear
due to this tunnelling. The time-evolution theory outlined above has already been
applied to this system [2℄. The 6 SASs an be written in a matrix representation
suh that

|T1ux〉/NT1u
|T1uy〉/NT1u
|T1uz〉/NT1u
|T2ux〉/NT2u
|T2uy〉/NT2u
|T2uz〉/NT2u


=


0 0 φ−1 φ−1 1 −1
1 −1 0 0 φ−1 φ−1
φ−1 φ−1 1 −1 0 0
0 0 1 1 −φ−1 φ−1
−φ−1 φ−1 0 0 1 1
1 1 −φ−1 φ−1 0 0


.


|A′; 0〉
|B′; 0〉
|C ′; 0〉
|D′; 0〉
|E ′; 0〉
|F ′; 0〉


(3.3.1)
where |T1,2ui〉 represents the ith symmetry adapted states and NT1,2u represents
the orresponding normalisation onstants, φ is the golden mean and |A′; 0〉 is the
untransformed state for well A. This is a matrix form of Eq. (3.2.2), so that the
matrix elements represent the oeients a
(i)
j . Inverting the above equation gives

|A′; 0〉
|B′; 0〉
|C ′; 0〉
|D′; 0〉
|E ′; 0〉
|F ′; 0〉


=
φ
2(1 + φ2)


0 φ 1 0 −1 φ
0 −φ 1 0 1 φ
1 0 φ φ 0 −1
1 0 −φ φ 0 1
φ 1 0 −1 φ 0
−φ 1 0 1 φ 0


.


|T1ux〉/NT1u
|T1uy〉/NT1u
|T1uz〉/NT1u
|T2ux〉/NT2u
|T2uy〉/NT2u
|T2uz〉/NT2u


(3.3.2)
This matrix represents Eq. (3.2.3). By using the probability expression given in
Eq. (3.2.15) it has been found that the probability of a system initially loalised
in well A being found in an adjaent well, say well B at a time t later is given
by [2℄
PAB(t) =
1
5
[
S2 + (1− S2) sin2
(
∆t
2~
)]
, (3.3.3)
and the probability that the system remains in well A is
PAA(t) = 1− (1− S2) sin2
(
∆t
2~
)
. (3.3.4)
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Figure 3.3: Diagram showing the dynamis of the T1u ⊗ hg system initially
loalised in well A. The ontinues urve shows the PAA whih is
the probability of nding the system still in well A after a time t
and the dashed urve shows the PAB the probability of nding the
system in an adjaent well (well B) [50℄.
Here, S is the phonon overlap between adjaent pentagonal wells and is given by
S = exp
[
−6
(
V
′
1
5− 4√2V ′2
)2]
, (3.3.5)
and ∆ is the tunnelling splitting given by the expression
∆ = −~ωS lnS
(1− S2) (2−
√
2V
′
2 +
√
2/5V
′
3 ). (3.3.6)
V
′
1 is the dimensionless linear oupling parameter and V
′
2 and V
′
3 are the dimen-
sionless quadrati parameters respetively. A plot of the above expressions of the
probabilities is shown in Fig. 3.3. It is very obvious from the gure that, if the
system is starting o in well A is being found in well B after a time t varies as
sin2.
We note from Eq. (3.3.4) that at t = 0, PAA = 1. In other words, the theory
assumes that initially the system is ompletely loalised in well A. However, the
wells are not orthogonal and so there will always be a nite probability of nding
the system in one of the other wells no matter how strongly loalised the initial
state. Thus, the results presented should ideally all be renormalised so that at
any partiular time the sums of probabilities of nding the system in the wells is
equal to unity.
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Figure 3.4: Dimensionless pseudorotation rates as a funtion of the linear ou-
pling onstant V
′
1 for the ase of pentagonal minima. Quadrati
onstants V
′
2 = 0.3 and V
′
3 = 0.4 have been assumed.
As time proeeds the probability of nding the system loalised in that well
starts to derease until it reahes the minimum value, simultaneously, the proba-
bility of nding the system in well B inreases until reahes the maximum value.
In this ase, it an be said that the system ahieved the maximum oupation of
well B. Then after a period of time the system travels bak to its initial well state.
This proess will be repeated again starting from the same initial well following
the same trend. The probabilities of nding the system in any of the ve wells are
all equal as they are all equivalent as far as A is onerned.
The time that the system takes to omplete one period of this journey of pseu-
dorotation in this partiular ase is given by
Tp =
2π~
∆
. (3.3.7)
This equation shows that there is an inverse relation between the tunnelling split-
ting and the period that the system takes to nish one pseudorotation iruit.
We an also dene a pseudorotation rate Rp for this system as the inverse of the
pseudorotation period Rp = T
−1
p = ∆/2π~. A dimensionless pseudorotation rate
has also been dened [2℄
Rp = 2π
ω
T−1p =
∆
~ω
(3.3.8)
whih is more onvenient for plotting. This expression has been plotted for the
D5d ase [2℄ as shown in Fig. 3.4. The gure shows that as the value of the linear
oupling V
′
1 inreases a derease in the pseudorotation rate ours until tends to
zero. Mathematially, that ours when V
′
1 →∞. This is an be explained more
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Figure 3.5: The transient grating experiments. E1 and E2 are pump beams,
E3 is the probe pulse, E‖ and E⊥ are the deteted diration
signals.
learly by explain the physis behind it. In the limit when V
′
1 →∞, the oupling
in this ase is onsidered to be a very strong oupling that will ause the barriers
separating between the wells to beome very high assoiated with deepening of
the wells. Therefore, the overlap between wells S → 0 and the tunnelling splitting
∆ also tends to zero. Thus, the system will be found loalised into either well A,
B, C, D, E, or F .
3.4 Experimental Tehniques
A suggested tehnique to observe the pseudorotation experimentally is via the
ultrafast experiment alled the pump-probe spetrosopy [1, 55℄. This tehnique
has already been suessfully used by Rubtsov et al. to measure experimentally the
rate at whih the C60 and C70 moleules rotationally diuse in various liquids [1,
55℄. Eetively, it measures how quikly the moleules rotate in solution. The
general idea is explained using the apparatus shown in Fig. 3.5.
In Rubtsov et al.'s experiments two pump laser beams (E1, E2 having wave-
lengths λ1 = λ2 = 528nm) are applied to the sample so that at t = 0 a strong
pulse of photons interats with the target moleules. This interation produes a
diration grating within the sample. As time progresses, this grating degrades
beause of the rotational and translational diusion of the moleules. Thus, these
experiments employ what are alled transient grating tehniques. After a time
delay ∆t (of a few fs or ps) a probe beam (E3 having wavelength λ3 = 1055nm)
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is applied whih is used to measure the strength of the grating. If ∆t is small, the
grating is strong and so the eet on the probe is strong. As ∆t inreases, the
grating deteriorates due to moleular rotation and a weaker interation with the
probe ours. The experiment involves varying ∆t and measuring the signal aris-
ing from the grating-probe interation. The resulting trae allows the rotational
motion to be analysed.
If similar pump-probe experiments were performed on solutions ontaining C60
ions, then the resulting signal would be expeted to ontain ontributions from
both real rotation and pseudorotation. For example, for C
−
60 the pseudorotation
of the moleule would be expeted to degrade the transient grating muh more
quikly than real rotation. This is simply beause the atual amount of atomi
motion required to aomplish pseudorotation is muh less than that required
to ahieve real rotation. Thus, a faster deay of the pump-probe signal from
a sample of C
−
60 ions (ompared to neutral C60) would be a lear indiation of
pseudorotation. More importantly, a thorough analysis of the deay rates should
yield a quantitative value for the pseudorotation rate whih, in turn, provides
information about the oupling onstants that ditates the pseudorotation rates.
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T ⊗ (e⊕ t2) JT system in ubi
symmetry
In order to illustrate the ideas of pseudorotation more learly, we look now at the
well known vibroni T ⊗ (e ⊕ t2) JT system. The APES ontains many minima
and tunnelling between equivalent minima may our resulting in pseudorotation.
The interation in the T ⊗ (e ⊕ t2) system an be predited from the Kroneker
produt of the T -orbital with itself as [T ]2 = A+E+T2. The oupling takes plae
when an eletron with a T -type orbital ouples to two types of vibrational modes
namely e-type with (Qθ, Qǫ) oordinates and t2-type with (Q4, Q5, Q6) oordinates.
Coupling to the a-mode is ignored here as the a-mode is trivially a breathing mode.
There are many reasons for studying this system in this thesis. Firstly, this sys-
tem has ubi symmetry whih is less ompliated ompared to other moleular
symmetries (suh as iosahedral). Therefore, the time evolution of the JT system
an be interpreted more easily both analytially and pitorially. Also, the prob-
lem shows a variety of harateristis that an be divided in three dierent ases
aording to the magnitude of the oupling strengths. Eah ase auses dierent
distortions in the APES and thus a variety of well ongurations an be investi-
gated dynamially. Another reason to investigate the T ⊗ (e ⊕ t2) JT system is
that this system has been studied theoretially in detail for many years by many
authors, see Refs. [56, 57, 58℄ for example and therefore the available information
suh as the SASs in the literature regarding this interation will be a very good
base for our new alulations of pseudorotation rates. Thus, investigating the dy-
namial behaviour of the T ⊗ (e⊕ t2) system will serve as a good introdution to
39
Chapter 4: T ⊗ (e⊕ t2) JT system in ubi symmetry
the more advaned systems having more ompliated symmetries.
The T ⊗ (e⊕ t2) ubi system has three types of extremal points on the LAPES
namely tetragonal (D4h), trigonal (D3d) and orthorombi (D2h) [59℄. The (D4h)
points beome minima and the system will be represented by a T ⊗ e JT eet,
when the oupling to the e-mode dominates. The (D3d) points beome minima
and the system will be represents as T ⊗ t2, when the t2-mode dominates. When
the (D2h) points are minima, the system will be denoted as T ⊗ (e ⊕ t2), when
oupling to both modes (e, t2) is present.
In this hapter, the pseudorotation for the T ⊗ (e ⊕ t2) system involving the
three ases will be studied using the theory outlined in Chapter 3 by applying the
quantummehanial time evolution operator with the help of a previously obtained
SASs [60℄ to derive analytial expressions of the pseudorotation probabilities and
the orresponding rates.
4.1 The transformed Hamiltonian for T ⊗ (e⊕ t2)
The transformed Hamiltonian for this system has been derived by Bates et al. [3℄
and written in terms of the eletroni basis states |x; 0〉, |y; 0〉 and |z; 0〉 in ve-
dimensional spae and it takes the form
H˜1 =


−Aθ +
√
3Aǫ
√
3A6
√
3A5
+µ~
2
2
∑
i
(ωiαi)
2
√
3A6 −Aθ −
√
3Aǫ
√
3A4
+µ~
2
2
∑
i
(ωiαi)
2
√
3A5
√
3A4 2Aθ
+µ~
2
2
∑
i
(ωiαi)
2


, (4.1.1)
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where µ is the redued mass of eah osillator of frequeny ω and the Ai are dened
as
Aθ =
~VE
2
αθ,
Aǫ =
~VE
2
αǫ,
A4 =
~VT
2
(
1− ~VBL
2VT
(αθ −
√
3αǫ)
)
α4,
A5 =
~VT
2
(
1− ~VBL
2VT
(αθ +
√
3αǫ)
)
α5,
A6 =
~VT
2
(
1− ~VBL
2VT
(−2αθ)
)
α6.
(4.1.2)
αi represents the i
th
oordinates of the well in the LAPES, the onstants VE and
VT desribe the linear oupling to the e and t2 vibrations respetively, VBL is the
bilinear (quadrati) onstant whih desribes the oupling to both vibrations. It
has been found that the bilinear term is the one whih plays the most important
rle in hanging the shape of the APES [56℄ for this system so inluding any
higher terms in Q will not add any further information when solving the problem.
Minimising this Hamiltonian using the Öpik and Prye method [4℄ has produed
the positions of the minimum points (wells) on the APES in Q-spae [3℄. As
mentioned, under ertain ondition of the oupling strength, the system beomes
loalised into one of the minima either tetragonal, trigonal or orthorhombi. In
quantum mehanis, if the system is prepared in one of the minima, then the
system an evolve by tunnelling between the potential wells. The following setions
take eah symmetry in turn.
4.1.1 The T ⊗ e JT system
When a ubi moleule is dynamially distorted along a C4 axis (see Fig. 4.1),
tetragonal wells of D4h symmetry will be generated in the APES onsists of three
wells interseting at Qθ = Qε = 0 (see Fig.3.10 Ref. [48℄). The system will be
loalised in the bottom of one of these wells. The orresponding untransformed
ground states of these minima are given as [60℄
|x′; 0〉, |y′; 0〉, |z′; 0〉. (4.1.3)
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These states are mutually orthogonal to eah other and they are appropriate eigen-
states for both the innite and nite oupled T ⊗ e JT system. As a result of this,
the system will be found trapped in one of the three equivalent wells and therefore
no tunnelling is taking plae between the minima. Thus, sine the system is not
tunnelling it is not neessary to onstrut any ombinations of SASs.
Comparing this ase in the T ⊗e JT system to the ase in Ref. [51℄ for the E⊗e
JT system, it should be notied that, although the APES of this system is showing
three wells similar in number to that in the E ⊗ e system, the latter system is
free to pseudorotate between the three wells when the quadrati oupling is taken
into aount [51℄, in this ase the system is not allowed to undergo a tunnelling
motion between these wells. This is beause the wavefuntions in the three wells
of the T ⊗ e JT system are mutually orthogonal and they are not mixed by the
tetragonal displaement[48℄.
(a) (b) ()
Figure 4.1: (a)Cubi moleule with a distortion axis C4 in real spae. (b)The
blak dots show the positions of the orthogonal well states in the
APES in the Q-spae. ()A distorted moleule with D4h symmetry
when the oupling to the e mode dominates.
4.1.2 The T ⊗ t2 JT System
If the moleule is dynamially distorted around a C3 axis by the T ⊗ t2 JT eet,
trigonal wells of D3d symmetry appear in the APES with four-fold degeneray
Fig. 4.2. This degeneray splits via the tunnelling between the four trigonal wells
and therefore the appropriate eigenstates for the system in this ase are the linear
ombinations of the ground states loalised in the four wells. Using the projetion
operator tehnique, a triplet T1 and a singlet A2 SASs are produed and given in
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Ref. [33℄ namely
(a) (b) ()
Figure 4.2: (a)Cubi moleule with a distortion axis C3 in real spae. (b)The
four triagonal wells are represented by blak dots in the APES
in the Q-spae. ()A distorted moleule of D3d symmetry when
oupling with the t2 mode dominates.
|T1x〉 = N tT1 [ |A′; 0〉+ |B′; 0〉 − |C ′; 0〉 − |D′; 0〉],
|T1y〉 = N tT1 [ |A′; 0〉 − |B′; 0〉+ |C ′; 0〉 − |D′; 0〉],
|T1z〉 = N tT1 [− |A′; 0〉+ |B′; 0〉+ |C ′; 0〉 − |D′; 0〉],
|A2a〉 = N tA2[ |A′; 0〉+ |B′; 0〉+ |C ′; 0〉+ |D′; 0〉],
(4.1.4)
where
N tT1 =
1
2
√
1 + St
3
,
N tA2 =
1
2
√
1− St
, (4.1.5)
are the normalisation onstants for the trigonal ase, |X ′; 0〉 is the Glauber state
dened in Eq. (2.3.18) whih forms the untransformed state assoiated with the
well, St is the overlap between the osillator parts of any two adjaent wells.
The supersript and subsript t refer to the trigonal wells. The osillator overlap
between any adjaent wells has been found using Eq. (2.3.23) and is given by [33℄
St = exp
[
−16
9
(
KT
~ωT
)2
]
. (4.1.6)
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where KT is a onstant involves the linear oupling onstant VT given by
KT =
√
3~VT
2
√
2µωT
. (4.1.7)
The energy of the T1 SASs states is given by [60℄
ET1 = ~ωE +
3
2
~ωT − 4
9
(
K2T
~ωT
)(
9 + 7St
3 + St
)
, (4.1.8)
while for the A2 SASs the energy is
EA2 = ~ωE +
3
2
~ωT − 4
9
(
K2T
~ωT
)(
3− 7St
1− St
)
. (4.1.9)
Here, the T1 state is always the lower in energy than the singlet A2 state and
therefore the tunnelling splitting between these states is given by [60℄
∆ = EA2 −ET1 = −
4St lnSt
(1− St)(3 + St)~ωT . (4.1.10)
Using the above expressions of the normalised SASs in Eq. (4.1.4) and following
similar proedure to that outlined in Chapter 3 , expressions for the normalised
states that are assoiated with eah of the four trigonal wells are obtained and
have the form:
|A′; 0〉 = |A2a〉
4N tA2
+
|T1x〉+ |T1y〉 − |T1z〉
4N tT1
,
|B′; 0〉 = |A2a〉
4N tA2
+
|T1x〉 − |T1y〉+ |T1z〉
4N tT1
,
|C ′; 0〉 = |A2a〉
4N tA2
− |T1x〉 − |T1y〉 − |T1z〉
4N tT1
,
|D′; 0〉 = |A2a〉
4N tA2
− |T1x〉+ |T1y〉+ |T1z〉
4N tT1
.
(4.1.11)
Now, in order to study the evolution of the system initially loalised in one of
the minimum wells, the time evolution operator Eq. (3.1.6) is applied to obtained
expressions of the probabilities of nding the system in another well at later time
t by using Eq. (3.2.15). These probabilities are:
PAA(t) = 1− 1
4
(1− St)(3 + St) sin2
(
∆t
2~
)
,
PAB(t) =
S2t
9
+
1
12
(1− St)(3 + St) sin2
(
∆t
2~
)
, (4.1.12)
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Figure 4.3: The internal pseudorotation of a moderately oupled T ⊗ t2 with
KT = 1.2~ωT .
In this ase, it an be seen from Fig. 4.2, that the wells are equally separated and
therefore the phonon overlaps between them are also equal. As this is the situation,
there is no need to nd the probabilities PAC and PAD sine they are idential to
that for PAB. From the results above, it is lear that the system is in dynamial
motion due to the pseudorotation between the dierent wells. In general, and
as an be seen from Eq. (4.1.12) pseudorotation depends on the phonon overlap
whih in turn depends on the separation between the wells.
The expressions for the probabilities given in Eq. (4.1.12) are plotted in Fig. 4.3.
The diagram learly shows a sinusoidal pseudorotation behaviour between the wells
similar to that for the T1 ⊗ hg system in Chapter 3. It tells us that, at time t = 0
the probability PAA(t) of nding the system still loalised in well A is unity, whih
is an expeted result sine the system must be found loalised in one of the wells.
The probability of nding the system loalised in well A is then dereasing with
simultaneous inreasing of the probability of nding the system in well B (or C,
D). After the system is fully loalised in well B and as the time inreasing the
system begins to migrate bak to its original state after ompleting one revolution
of pseudorotation. The time for this is again given by the formula in Eq. (3.3.7).
The dimensionless pseudorotation rate Rp from Eq. (3.3.8) is plotted in Fig. 4.4
as a funtion of linear oupling. As expeted, inreasing of the strength of the
linear oupling inreases the barriers between the wells in the APES whih in turn
redues the overlap between the wells. This therefore, dereases the pseudorotation
of the system between the wells. The trend ontinues until innite oupling where
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Figure 4.4: Dimensionless pseudorotation rate as a funtion of the oupling
onstant for the ase of trigonal minima.
the system ahieves the zero pseudorotation. Here, the system beomes loked
into one of the four trigonal wells showing stati behaviour.
A previous alulation given in Ref. [59℄ for multi-dimensional tunnelling sys-
tems like T ⊗ t2 gives the most probable tunnelling path that the system is taking
during the tunnelling. By alulating what is termed the path of steepest desent,
the minimum energy path is obtained. Further details an be found in Ref. [61℄.
However, it has been found that, when the t2 mode in the T ⊗ (e + t2) system
dominates, the system has two possible types of lassial paths of steepest desent
onneting the D3d triagonal wells. The rst one is via the D2h saddle point, while
the other one is via the D4h saddle point. There is no interhanging between these
two types of tunnelling paths when t2 dominates and the system shows that the
path via the D2h saddle point is always the one favoured [59℄. The alulations
shows that the tunnelling integral along the path via the D2h saddle point always
has a smaller value than that along the path via a D4h saddle points. This is
learly shown in both Fig. 4.5 and table 1 in Ref. [59℄. This situation an also be
dedued from Fig. 4.2.(b) whih shows the trigonal wells in the APES separated by
two dierent saddle points. The D4h saddle points have higher potential barriers
at large distanes from the minima than the D2h saddle points. The tunnelling
splitting between the energies of the system is found to be related to the tunnelling
path integral via the relation [62℄
∆ = ~ω exp[−IT ] (4.1.13)
where ω is the frequeny of the vibration of the partile in the well and IT is
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Figure 4.5: The ratio of the ation integrals I2/I1 as a funtions of VT /VE
with dierent hoies of VE when t2 mode dominates. I1 and I2
are the ation integral of the path via a D4h and D2h saddle points
respetively. As shown in the gure I2 is always bigger than I1 [59℄.
1 2 3 4 5 6 7
IT
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0.6
D
Figure 4.6: The gure shows the tunnelling splitting ∆ hanges as a funtion
of the tunnelling path integral IT .
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the tunnelling path integral. Fig. 4.6 shows the variation of ∆ as a funtion of
IT . There is a relation between the pseudorotation rate of the moleule and the
tunnelling splitting via Rp = ∆/2π~. Thus, this equation with Eq. (4.1.13) show
that, as the path integral beomes larger, the pseudorotation rate of the system
beomes smaller and thus the system then takes a longer time to travel from one
well to another. Sine the time that a system takes to pseudorotate is expeted
to be of the order of femtoseonds, the tunnelling path that the system takes will
be expeted to be via the saddle points whih have a lower potential barriers and
smaller separations between the minima.
Thus, this shows another good reason for studying the pseudorotation rate of
the system as it gives valuable information of the favoured tunnelling path that is
taken when it pseudorotates.
4.1.3 The T ⊗ (e+ t2) JT System
In this ase, when the oupling to e and t2 modes are both involved, a distortion
in the diretion of C2 axis via the T ⊗ (e + t2) JT eet ours, the system is
then said to experiene orthorhombi D2h symmetry (see Fig. 4.7). The APES
for this symmetry ontains six wells. These wells are presented in Fig. 4.7.(b)
and divided into non-orthogonal and orthogonal wells. For eah well state, there
are four nearest neighbour wells of non-orthogonal states and one next nearest
neighbour well of an orthogonal state. It has been found that, in the innite
oupling limit, the system is found to be relaxing into one of the six orthorhombi
wells [3℄ and no tunnelling ours between them. When the oupling is nite, the
system starts to tunnel and movement between the wells takes plae. This proess
leads the system to have states that are linear ombination from those loalised in
the wells that the system visits during the tunnelling. These states [3℄ have been
found to be the triplets T1 and T2 given by
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(a) (b) ()
Figure 4.7: (a)Cubi moleule with a distortion axis C2 in real spae. (b)The
blak dots represents the positions of the orthorhombi wells in the
APES in the Q-spae. ()A distorted moleule with D2h symmetry.
|T1x〉 = NoT1 [ |a′; 0〉+ |b′; 0〉+ |e′; 0〉 − |f ′; 0〉],
|T1y〉 = NoT1 [ |a′; 0〉 − |b′; 0〉+ |c′; 0〉+ |d′; 0〉],
|T1z〉 = NoT1 [ |c′; 0〉 − |d′; 0〉+ |e′; 0〉+ |f ′; 0〉],
(4.1.14)
|T2x〉 = NoT2 [ |a′; 0〉+ |b′; 0〉 − |e′; 0〉+ |f ′; 0〉],
|T2y〉 = NoT2 [ −|a′; 0〉+ |b′; 0〉+ |c′; 0〉+ |d′; 0〉],
|T2z〉 = NoT2 [ −|c′; 0〉+ |d′; 0〉+ |e′; 0〉+ |f ′; 0〉],
(4.1.15)
where the normalisation onstants are dened as
NoT1 =
1
2
√
1 + So
,
NoT2 =
1
2
√
1− So
.
(4.1.16)
The supersript and subsript letter o refers to the orthorhombi ase, |x′; 0〉 is
the Glauber form of the state assoiated with the x orthorhombi well and So is
the phonon overlap between the osillators part of any two of the orthorhombi
wells that do not have orthogonal orbits and given by [33℄
So = exp
[
−3
2
(
KE
~ωE
)2
−
(
KT
~ωT
)2]
. (4.1.17)
Here, KE and KT are onstants involving the linear oupling parameters VE and
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VT as
KE = −
√
~VE
2
√
2µωE
, (4.1.18)
and
KT =
√
3~VT
2
√
2µωT
. (4.1.19)
The energies of the triplets states are [60℄
ETi = ~ωE +
3
2
~ωT − 4N2Ti([1− (−1)i
5
2
So]
K2E
~ωE
+ [1− 2(−1)iSo] K
2
T
~ωT
+2[4− (−1)iSo] VBL
VEVT
K2E
~ωE
K2T
~ωT
),
(4.1.20)
for i = 1 and 2. The the energy gap between T1 and T2 is [60℄
∆ = ET2 − ET1 =
So
(1− S2o )
(
3
K2E
~ωE
+ 2
K2T
~ωT
− 12 K
2
E
~ωE
K2T
~ωT
VBL
VEVT
)
. (4.1.21)
In order to study the evolution of the system with respet to time, the assoiated
states with eah of the six orthorhombi wells must be derived rst of all. These
are obtained by inverting the relations given in Eq. (4.1.14). Again following the
same proedure as outlined at the end of Chapter 3 for the T ⊗h system, the well
states are
|a′; 0〉 = |T1x〉+ |T1y〉
4NoT1
+
|T2x〉 − |T2y〉
4NoT2
,
|b′; 0〉 = |T1x〉 − |T1y〉
4NoT1
+
|T2x〉+ |T2y〉
4NoT2
,
|c′; 0〉 = |T1y〉+ |T1z〉
4NoT1
+
|T2y〉 − |T2z〉
4NoT2
,
|d′; 0〉 = |T1y〉 − |T1z〉
4NoT1
+
|T2y〉+ |T2z〉
4NoT2
,
|e′; 0〉 = |T1x〉+ |T1z〉
4NoT1
− |T2x〉 − |T2z〉
4NoT2
,
|f ′; 0〉 = −|T1x〉 − |T1z〉
4NoT1
+
|T2x〉+ |T2z〉
4NoT2
.
(4.1.22)
The time evolution of this system when it is initially loalised in one of the or-
thorhombi wells an be studied by deriving the probabilities of nding the system
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in another well after a time t. This an be done trivially by applying Eq. (3.2.15),
with the result that these probabilities are
Paa(t) = 1− (1− S2o ) sin2
(
∆t
2~
)
, (4.1.23)
Pab(t) = 0, (4.1.24)
Pac(t) =
S2o
4
+
1
4
(1− S2o) sin2
(
∆t
2~
)
. (4.1.25)
The system here is behaving in a dierent way from that when the t2 mode
dominates. It is lear from the results that, if the system starts in a given well,
then it is only possible to be found loalised later in a time t in the non-orthogonal
state wells. For example, if the system is initially loalised in well a, then it an be
found later only in either well c, d, e or f . Finding the system loalised in well b is
forbidden as indiated in Eq. (4.1.23) beause it is orthogonal to well a. Thus, if
the system is loalised into one well then it has the opportunity to be found at any
well after later time exept the orthogonal one. This behaviour seems to be that
experimentally exhibited by the arbonyl ompound Fe(CO)4 [63, 64℄. Isotopially
substituted arbon monoxide was used to investigate the hange in geometry that
ours as we progress between dierent equivalent distorted minima [65℄. It was
found that starting from one partiular minima the system ould migrate to an
adjaent minima but not diretly to the minima opposite.
Fe(CO)4 is distorted from the high symmetry tetrahedral geometry into a C2v
geometry whih an be ahieved in six equivalent ways [66℄, see Fig. 4.8. The gure
shows six C2v equivalent minima. At the entre of the gure is a dot representing
the system in its undistorted tetrahedral geometry Td. One of the lowest energy
paths for the onversion AA-EE is also shown. The diret onversion from the AA
to EE does not our. The experimental observation is that indiret onversion
via AE atually ours.
The internal dynamis for this system are shown in Fig. 4.9. The system shows
regular tunnelling when it starts o in well a and moves towards well c then bak
to well a again ompleting one period of pseudorotation Tp. The probabilities
of nding the system in the wells d, e or f have the same expression as that
for well c. The proess of pseudorotation repeats itself as time progresses and,
as there is only one tunnelling level for this system, it is safe to use the same
equation Eq. (3.3.8) to represents the pseudorotation rate. This equation is plotted
in Fig. 4.10 to show the hanges of the pseudorotation rate while the oupling
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Figure 4.8: (a) Struture of singlet [Fe(CO)4℄, determined by eletron dira-
tion [64℄. The two CO moleules above and below the iron atom
are the axial moleules (A) and the other two are the equatorial
moleules (E). (b) Showing the allowed paths onneting C2v min-
ima [66℄.
strength is inreasing. The gure shows dereasing in the pseudorotation rate of
the system as the oupling onstant inreases in a similar manner as that for the
T ⊗ t2 system. The pseudorotation between the wells in this system follows two
paths similar to that for the T ⊗ t2 system, one path is via the D3d saddle points
and the other via the D4h saddle points (see Fig. 4.7.(b)). As the heights of the
D4h saddle points are very large ompared to those of D3d, the system is then
expeted to follow the D3d path rather than the D4h path.
4.2 Summary
In general, for any JT system when the vibroni oupling is innite, the vibroni
states obtained are good eigenstates for the system in its stati limit. But, when
the oupling is nite, the obtained states should be manipulated so that it an
suit the dynamial situation of the system. In the ase when the system shows
D4h tetragonal wells, the states obtained are mutually orthogonal and they form
a good eigenstates for all innite and nite oupled T ⊗ e systems. Therefore,
there is no need to nd any linear ombination of the states in the wells. The
system here shows no pseudorotation between the wells and it stays in the state
that it starts in. When the system is loalised in one of the D3d trigonal wells,
then the probabilities of nding it at time t later in any of the other three wells
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Figure 4.9: Internal dynamis of a moderately oupled T ⊗ (e+ t2) with KT =
1.4~ωT ,KE = ~ωE and VBL = 0.04VEVT .
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Figure 4.10: Pseudorotation rate as a funtion of the oupling onstant for the
T ⊗ (e+ t2) system.
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are equal. The summation of the probabilities is
∑D
X=A PAX(t) = 1 +
S2t
3
whih is
time independent as expeted. In this ase, the system is allowed to pseudorotate
freely between wells following the smallest lassial path via the D2h saddle points.
When the system ontainsD2h orthorhombi wells, tunnelling only ours between
the non orthogonal well states while transitions between the orthogonal well states
are impossible. Again, the summation of the probabilities is
∑f
X=a Pax(t) = 1+S
2
o
as expeted also time independent.
Aording to these transitions between the wells in both the T⊗t2 and T⊗(e⊕t2)
JT systems, the moleule whih exhibits suh an intramoleular rotation will then
show a motion of the distortion of the outer nulear framework whih appears
as a periodi hange in the orientation of the distorted nulear onguration.
Suh a moleule is the Methane ations CH
+
4 modelled with T ⊗ (e + t2) JT
system. The rovibroni struture of this moleule has been investigated in whih
the pseudorotation ould potentially be measured (for further information see
Ref. [67℄).
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The Quadrati p2 ⊗ h JT
Interation: A model for C
2−
60
Fullerene derivatives form very interesting materials due to the many unexpeted
eletroni properties that they possess. These moleules an exhibit unusual be-
haviour espeially when they are doped with the alkali impurities to produe the
alkali doped fullerenes AnC60. For example, the A3C60 salts are metals with a
half-lled LUMO that show superondutivity at low temperatures [68℄. Suh
ompounds are K3C60 and Rb3C60 whih beome superondutors at tempera-
tures below 18K and 28K respetively [69℄. On the other hand, the A2C60 and the
A4C60 ompounds suh as Na2C60 and Cs4C60, whih are related to eah other by
eletron-hole symmetry [70℄, are non-magneti insulators. This behaviour in the
latter ompounds is somewhat unexpeted and surprising as well beause, aord-
ing to band theory alulations [71, 72℄, the eletrons oupy the LUMO (T1u)
whih is just partially lled. Therefore, these ompounds would be expeted to
be metals rather than insulators. This is the ase beause the Coulomb repulsion
between the two eletrons and the JT interations open band gaps ooperatively,
and are non-magneti beause the JT oupling overomes the known Hunds's rule
ordering [73, 74℄. Hund's rst rule states that for a given eletron onguration
the term with maximum spin multipliity (high-spin) has the lowest energy. It
has been found that ompounds ontaining negative ions like C
n−
60 where n = 2, 4
disobey this rule when they undergo JT distortions as the energy gained from this
distortion is large enough to reverse the situation from a high-spin to a low-spin
ground state [75℄.
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The C
2−
60 system has therefore a singlet spin ground state (
1Ag,
1Hg) and a lose-
lying triplet exited state (3T1) [76℄. Although this eletroni struture has been
onrmed experimentally for this ion, many theoretial studies on C
2−
60 systems
still deal with it as if Hund's rule remains valid. These studies give values for the
energies of the moleular terms some of whih are (given in meV): (-114.1, 114.1,
456.6) in Ref. [77℄, (-275, 175, 848), (-117, 73, 359) and (-122, 77, 375) in Ref. [78℄
for the
3T1,
1Hg,
1Ag terms respetively.
Many spetrosopi experiments suh as ESR, NMR, X-ray diration and neu-
tron sattering [70, 79℄ have shown the distorted symmetries of the moleular stru-
ture for the doubly doped C60 moleule. It has been predited that the dierent
properties between the body entred tetragonal A4C60 and the fae ubi entred
A3C60 systems for example, are due to their dierent strutures [80, 73℄. As there
is a strong orrelation between the distorted moleular struture and the pseu-
dorotation of the dynamial JT eet, studying the pseudorotation phenomenon
in suh systems will be a good step to understand some of their underlying prop-
erties. Also, as vibrational spetrosopy is exlusively sensitive to the distorted
moleules due to the splitting between the energy levels, it an detet the motion
of the atoms when the distortion of the moleular framework takes plae. These
spetrosopi results an be ompared with the theoretial alulations whih an
lead to an estimate of the vibroni oupling strength.
In this hapter, the JT eet in the fullerene anion C
2−
60 will be investigated
in detail by analysing the LAPES when a higher order (quadrati) oupling is
inluded in the problem. Setion 5.1 shows how the C
2−
60 doubly doped anion is
formed when the two eletrons oupy the T1u LUMO and obey Hund's rule. Also,
the eletroni states for the system whih form the bases for the matrix represen-
tation of the interation Hamiltonian are derived using the tables of Fowler and
Ceulemans [27℄. This is ahieved by onsidering the Coulomb repulsion between
the two eletrons. This ion was investigated in an earlier work [81, 82℄, but only
using a linear oupling Hamiltonian. At this level of approximation, the APES
takes the form of a two-dimensional trough with an equipotential energy surfae
upon whih the system moves freely around the trough whilst performing a free
pseudorotation [83℄.
However, inluding quadrati terms in the problem, auses the equipotential
energy points on the trough to be warped to form minima. These minima are
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found to have either D5d or D3d symmetry in the absene of Coulomb interations
depending upon the values of the mixing angle β whih mixes the two sets of the
CG oeients orresponding to the two hg modes. The work leading to these
results is given in Setion 5.2.1. The minimisation of the ompliated Hamiltonian
is dealt with using advaned omputer programmes (Mathematia, Maple) whih
apply the shift transformation tehnique outlined in Chapter 2 to obtain analytial
expressions for the energy and the orresponding vibroni eigenstates for the sys-
tem in its stati limit. It should be noted that, sine the JT interation is assumed
to be stronger than the Coulomb interation, for simpliity the eet of the term
splitting whih arises from Coulomb repulsion will be negleted through this hap-
ter, although the e-e interation is not negligible in the doubly doped fullerenes.
Studying the system when performing dynamial motion is aomplished using
the projetion operator tehnique in order to nd the linear ombination of the
wells that the system is visiting whilst tunnelling. The SASs produed as a result
of this tunnelling and the orresponding energies for both D5d or D3d minima are
given in Setion 5.2.2. Sine the system is undergoing tunnelling between wells, it
is undergoing a pseudorotation motion as well. The probabilities that the system
an be found at a later time t when it is initially prepared in one partiular well
are derived in Setion 5.3. Also in this setion the behaviour of the system while
it pseudorotates between wells is also disussed.
5.1 The JT Eet in C
2−
60
Before disussing the JT interation in the C
2−
60 anion it is worthwhile to re-examine
the eletroni struture of the C
2−
60 moleule. The eletroni struture for the
isolated C60 moleule is given in Chapter 2. When the C60 moleule is doped
with two eletrons, these eletrons oupy the empty triplet T1u (LUMO) Fig. 5.1,
forming the C
2−
60 anion. From group theory, oupling to 2ag and 8hg modes is
expeted. This is obviously a very ompliated problem to solve analytially.
Therefore, the model is approximated to that in whih oupling to a single eetive
hg mode is only taken into aount as disussed earlier in Setion 2.5. The oupling
problem redues to that of a single hg mode and termed the p
2⊗h JT eet using
the notation used in Ref. [82℄. In this notation, the supersript denotes that
two eletrons oupy a p-type eletroni orbital oupled to an hg-type vibrational
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Figure 5.1: Diagrammati representation of the doubly oupied T1u LUMO
of C60 pertinent to the p
2 ⊗ h system of interest. The eletrons
may ouple to produe both high- and low-spin terms and Hund's
rule is thought to be obeyed. The energies shown are taken from
Ref. [78℄. The energy dierene δ between the low-spin basis states{
1Ag,
1Hg
}
amounts to 298 meV.
mode. The notation p is used here beause of the analogy between the p atomi
orbital and the T1u moleular orbital.
Representing this system via the interation Hamiltonian is quite ompliated.
The diulty appears when we start onstruting the eletroni bases for the
interation Hamiltonian. Both the spin and the orbital angular momenta should
be onsidered rst for both eletrons. Then oupling between the orbital states and
the spin states should follow. This will produe rather ompliated bases states
whih in turn will lead to umbersome work in onstruting the Hamiltonian.
Another diulty arises when the quadrati terms of the normal mode oordinates
QiQj are inluded in the problem. This arises beause the hg mode appears twie
in the Kroneker produt asH⊗H = [A+G+2H ], whih means that the quadrati
terms of the oordinates an be inluded in the problem with two independent
sets of oeients [27℄. This therefore produes two more types of interation
Hamiltonians as will as the linear interation Hamiltonian.
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5.1.1 Eletroni basis states and the linear interation Hamil-
tonian
In order to nd the linear interation Hamiltonian that represents the oupling,
the basis is hosen by onsidering the Coulomb repulsion between the two eletrons
in the T1u orbital. Suh an interation will give rise to terms that are obtained
from oupling the spin and orbital angular momenta of the two eletrons together.
To obtain these terms for the C
2−
60 system, we rst onsider the oupling between
the spin angular momenta. The total spin states an either be triplet symmetri
states with S = 1, or singlet anti-symmetri states with S = 0. Both spin states
will be further oupled to the orbital states for the two eletrons. The orbital
states an be found using the Kroneker produt T ⊗ T = [A+H ]S ⊕ {T}A. The
anti-symmetri part of the Kroneker produt ouples to the symmetri triplet
spin states to give the high-spin term
3T1g, while the symmetri part ouples to
the anti-symmetri singlet spin states to give the low-spin terms
1Ag and
1Hg.
These terms are presented in Fig. 5.1. The rst diagram in Fig. 5.1 shows the
HOMO and the LUMO of the C60 moleule when the two added eletrons oupy
the LUMO. The other diagram shows the relative energies of eletroni states [78℄
following the usual Hund's rule. The term δ represents the energy splitting (term
splitting) between the low-spin terms {1Ag,1Hg}.
The JT oupling of the high-spin
3T1g term to the hg mode has been investigated
in detail by Dunn and Bates [22℄ by studying the analogous T1u⊗ hg JT problem.
Therefore, only the oupling of the low-spin terms {1Ag,1Hg} to the hg vibrations
will be onsidered in this work.
The next step is to nd the wave funtions assoiated with these terms whih
form a basis for the matrix of the interation Hamiltonian. These wave funtions
are a result of multiplying the spin states by the orbital states. The resulting wave
funtions must be anti-symmetri in order to obey Pauli's exlusion priniple.
The spin wave funtions an be derived following the basi quantum mehanis
rules. For example, if we onsider two eletrons with spins (s1 = s2 =
1
2
) and
(ms1 = ms2 = ±12), oupling between the two spins gives a maximum value of the
spin (S=1) with (MS = 1, 0,−1). One of the spin states an be represented in a
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bra-ket notation for the values (S = 1,MS = 1) as
|S,MS〉 = |s1, ms1〉|s2, ms2〉, (5.1.1)
|1, 1〉 = |1
2
,
1
2
〉|1
2
,
1
2
〉.
By operating on this state with the lowering spin operator dened as
S−|s,ms〉 = ~
√
s(s+ 1)−ms(ms − 1) |s,ms − 1〉, (5.1.2)
we obtain
S− = (S1− + S2−)|
1
2
,
1
2
〉|1
2
,
1
2
〉 (5.1.3)
whih leads to a state of the form
|1, 0〉 = 1√
2
[
|1
2
,
1
2
〉|1
2
,−1
2
〉+ |1
2
,−1
2
〉|1
2
,
1
2
〉
]
. (5.1.4)
The proess is repeated again giving
|1,−1〉 = |1
2
,−1
2
〉|1
2
,−1
2
〉. (5.1.5)
The wave funtion assoiated with the triplet spin an be written now in a similar
way by dropping the spin quantum number s and using the notations |+〉 and |−〉
to represent ms = +
1
2
and ms = −12 respetively. Thus, we obtain
|Ms = 1〉 = |+〉|+〉,
|Ms = 0〉 = 1√
2
[|+〉|−〉+ |−〉|+〉],
|Ms = −1〉 = |−〉|−〉,
(5.1.6)
and for the singlet spin (S=0) the spin wave funtion is written as
|Ms = 0〉 = 1√
2
[|+〉|−〉 − |−〉|+〉]. (5.1.7)
Now, the orbital wave funtions for the CG oeients for the produt T1 ⊗ T1
are derived using the tables of Fowler and Ceulemans [27℄. This produes the
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following states
|Aa〉 = 1√
3
[|T1x〉1|T1x〉2 + |T1y〉1|T1y〉2 + |T1z〉1|T1z〉2] ,
|T1x〉 = 1√
2
[|T1y〉1|T1z〉2 − |T1z〉1|T1y〉2],
|T1y〉 = 1√
2
[−|T1x〉1|T1z〉2 + |T1z〉1|T1x〉2],
|T1z〉 = 1√
2
[|T1x〉1|T1y〉2 − |T1y〉1|T1x〉2],
|Hθ〉 = φ
−1
2
|T1x〉1|T1x〉2 − φ
2
|T1y〉1|T1y〉2 + 1
2
|T1z〉1|T1z〉2, (5.1.8)
|Hǫ〉 = φ
2
2
√
3
|T1x〉1|T1x〉2 − φ
−2
2
√
3
|T1y〉1|T1y〉2 −
√
5
2
√
3
|T1z〉1|T1z〉2,
|H4〉 = 1√
2
[|T1y〉1|T1z〉2 + |T1z〉1|T1y〉2],
|H5〉 = 1√
2
[|T1x〉1|T1z〉2 + |T1z〉1|T1x〉2],
|H6〉 = 1√
2
[|T1x〉1|T1y〉2 + |T1y〉1|T1x〉2],
where |Aa〉, |T1x〉. . . et are the eletroni orbital states. The term |T1x〉1|T1x〉2
tells us that both eletrons oupy the state |T1x〉.
Now, the overall states must be anti-symmetri. Therefore, the triplet (sym-
metri) spin wave funtions must be multiplied by the anti-symmetri orbital wave
funtions while, the singlet (anti-symmetri) spin states must be multiplied by the
symmetri orbital wave funtions. Therefore, the nal resulting basis states an
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be written as
|1Aa;Ms = 0〉 = 1√
6
[|T1x〉+1 |T1x〉−2 + |T1y〉+1 |T1y〉−2 + |T1z〉+1 |T1z〉−2
−|T1x〉−1 |T1x〉+2 − |T1y〉−1 |T1y〉+2 − |T1z〉−1 |T1z〉+2 ]
|3T1x;Ms = 1〉 = 1√
2
[|T1y〉+1 |T1z〉+2 − |T1z〉+1 |T1y〉+2 ]
|3T1y;Ms = 1〉 = 1√
2
[−|T1x〉+1 |T1z〉+2 + |T1z〉+1 |T1x〉+2 ]
|3T1z;Ms = 1〉 = 1√
2
[|T1x〉+1 |T1y〉+2 − |T1y〉+1 |T1x〉+2 ]
|3T1x;Ms = 0〉 = 1
2
[|T1y〉−1 |T1z〉+2 − |T1z〉−1 |T1y〉+2 ]
|3T1y;Ms = 0〉 = 1
2
[−|T1x〉−1 |T1z〉+2 + |T1z〉−1 |T1x〉+2 ]
|3T1z;Ms = 0〉 = 1
2
[|T1x〉−1 |T1y〉+2 − |T1y〉−1 |T1x〉+2 ]
|3T1x;Ms = −1〉 = 1√
2
[|T1y〉−1 |T1z〉−2 − |T1z〉−1 |T1y〉−2 ]
|3T1y;Ms = −1〉 = 1√
2
[−|T1x〉−1 |T1z〉−2 + |T1z〉−1 |T1x〉−2 ]
|3T1z;Ms = −1〉 = 1√
2
[|T1x〉−1 |T1y〉−2 − |T1y〉−1 |T1x〉−2 ] (5.1.9)
|1Hθ;Ms = 0〉 = 1
2
√
2
[φ−1|T1x〉+1 |T1x〉−2 − φ|T1y〉+1 |T1y〉−2 + |T1z〉+1 |T1z〉−2
− φ−1|T1x〉−1 |T1x〉+2 + φ|T1y〉−1 |T1y〉+2 − |T1z〉−1 |T1z〉+2 ]
|1Hǫ;Ms = 0〉 = 1
2
√
6
[φ2|T1x〉+1 |T1x〉−2 − φ−2|T1y〉+1 |T1y〉−2 −
√
5|T1z〉+1 |T1z〉−2
− φ2|T1x〉−1 |T1x〉+2 + φ−2|T1y〉−1 |T1y〉+2 +
√
5|T1z〉−1 |T1z〉+2 ]
|1H4;Ms = 0〉 = 1
2
[|T1y〉+1 |T1z〉−2 − |T1z〉+1 |T1y〉−2 − |T1y〉−1 |T1z〉+2 − |T1z〉−1 |T1y〉+2 ]
|1H5;Ms = 0〉 = 1
2
[|T1x〉+1 |T1z〉−2 + |T1z〉+1 |T1x〉−2 − |T1x〉−1 |T1z〉+2 − |T1z〉−1 |T1x〉+2 ]
|1H6;Ms = 0〉 = 1
2
[|T1x〉+1 |T1y〉−2 + |T1y〉+1 |T1x〉−2 − |T1x〉−1 |T1y〉+2 − |T1y〉−1 |T1x〉+2 ]
In these expressions, |T1x〉+1 |T1y〉−2 represents the produt state where eletron
1 is in the |T1x〉 orbital with spin +12 and eletron 2 is in the |T1y〉−2 orbital with
spin −1
2
. Only the low-spin basis is used to derive the matrix representation of the
JT interation Hamiltonian whereas, the high-spin bases will be ignored in this
problem beause of the analogy between the oupling problem of this term with
the T1u ⊗ hg oupling as was previously mentioned.
The total Hamiltonian for the system may be given in the form of a 6×6 matrix.
62
Chapter 5: The Quadrati p2 ⊗ h JT Interation: A model for C2−60
It has the general form
Htotal = Hvib +HJT +HTS, (5.1.10)
where Hvib is the Hamiltonian that has been dened in Eq. (2.2.14), HJT is the
JT interation Hamiltonian whih has the general form
HJT = V1H1(Q) + V2H2(Q2) + V3H3(Q2), (5.1.11)
where Vi are the vibroni oupling onstants, whih determine the relative impor-
tane of eah ontribution to the oupling, and Hi are the interation matries.
Finally, HTS is the term splitting Hamiltonian that arise from Coulomb intera-
tion. In this setion the eet of this Hamiltonian will be ignored and the problem
will be ahieved without the inlusion of the term splitting δ. Using the above ba-
sis states with the tables in Ref. [27℄, the linear interation matrix for the system
takes the form
H1(Q) =
√
2


0 Qθ Qǫ Q4 Q5 Q6
Qθ f1 f2
√
3
4φ
Q4
−√3φ
4
Q5
√
3
4
Q6
Qǫ f2 −f1 φ24 Q4 −14φ2Q5 −
√
5
4
Q6
Q4
√
3
4φ
Q4
φ2
4
Q4 f3 −
√
3
8
Q6 −
√
3
8
Q5
Q5
−√3φ
4
Q5
−1
4φ2
Q5 −
√
3
8
Q6 f4 −
√
3
8
Q4
Q6
√
3
4
Q6
−√5
4
Q6 −
√
3
8
Q5 −
√
3
8
Q4 −(f3 + f4)


,
where,
f1 =
3
√
3Qθ +
√
5Qǫ
8
,
f2 =
√
5Qθ − 3
√
3Qǫ
8
,
f3 =
√
3Qθ + φ
3Qǫ
4φ
,
f4 =
− (√3φ3Qθ +Qǫ)
4φ2
.
Studying this linear Hamiltonian by itself produes a ontinuous trough with ra-
dius ρ = 2K and minimum energy of EJT = −2K2 [83℄, where K is dened as
K =
√
2√
5
V1. Eah point on the trough orresponds to a dierent distorted ongu-
ration. The system in this ase is rotating around the trough in two perpendiular
diretions in a free pseudorotation; at the same time it is vibrating aross the
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trough in the other three perpendiular diretions. However, this system has been
investigated in detail and the orresponding energy and eigenstate have been ob-
tained in Ref. [81℄.
5.1.2 The quadrati interation Hamiltonians for C
2−
60
In the previous setion, the linear interation Hamiltonian was onstruted using
the basis states arising from the oupling between
1A and 1H terms. The quadrati
interation matries an be written by making simple substitutions in the linear
matrix of the form
H2(Q2) = H1(Q 7→ A), (5.1.12)
H3(Q2) = H1(Q 7→ B), (5.1.13)
where the individual omponents in the linear interation matrix are mapped so
that, for example, for H2, Qθ 7→ Aθ, Qǫ 7→ Aǫ. . . etc with
Aθ =
1
2
√
6
(
3Q2θ − 3Q2ǫ −Q24 −Q25 + 2Q26
)
,
Aǫ =
−1
2
√
2
(
2
√
3QθQǫ −Q24 +Q25
)
,
A4 =
−1√
6
(
QθQ4 −
√
3QǫQ4 + 2
√
2Q5Q6
)
, (5.1.14)
A5 =
−1√
6
(
QθQ5 +
√
3QǫQ5 + 2
√
2Q4Q6
)
,
A6 =
2√
6
(
QθQ6 −
√
2Q4Q5
)
,
and
Bθ =
1
2
√
2
(
2QθQǫ +
√
3Q24 −
√
3Q25
)
,
Bǫ =
1
2
√
2
(
Q2θ −Q2ǫ +Q24 +Q25 − 2Q26
)
,
B4 =
1√
2
(
Qǫ +
√
3Qθ
)
Q4, (5.1.15)
B5 =
1√
2
(
Qǫ −
√
3Qθ
)
Q5,
B6 = −
√
2QǫQ6.
where the Ai and Bi omponents are derived again using the tables given in
Ref. [27℄.
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As already disussed, H2 andH3 arise due to the fat that the Kroneker produt
H ⊗ H ontains the H irrep twie. The relative strength of these two quadrati
terms are governed by the quadrati oupling onstants V2 and V3. Unfortunately,
no attempts to alulate these parameters have so far appeared in the literature
for the appropriate modes of C
2−
60 and therefore, they will be treated as general as
possible in this thesis.
It is well known that by inluding higher order oupling terms in suh problems,
it auses the trough of minimum energy points to be warped to form minima.
The symmetry of those minima is unknown until the APES assoiated with the
Hamiltonian given in Eq. (5.1.10) is investigated. This an be onveniently done
by using the shift transformation tehnique whih will be disussed in the next
setion.
5.2 The unitary shift transformation and energy
minimisation
The Hamiltonian given in Eq. (5.1.10) an be investigated in order to nd the
minima in the ground APES by applying the theory of the shift transformation
that was outlined in Setion 2.3.1. The transformation has the eet of displaing
eah of the oordinates Qi by an amount equal to −~αi and the outome of
this proess is that the transformed Hamiltonian H˜ is a funtion of the unknown
onstants αi. The six eigenvalues of this Hamiltonian are, therefore, also funtions
of these onstants. The symmetry of the system, however, means that there are
always several minima {α
(j)
min}, the number of whih indiates the symmetry of the
distorted ion. However, the aim in this setion is to provide analyti expressions
for the onstants α
(j)
min and the energies assoiated with eah minimum. This an
be aomplished by investigating the H˜ using a numerial minimisation program.
The general idea of this programme is relatively simple and depends on allowing
the parameters α to vary in order to minimise the lowest eigenvalue, to indiate
a minimum in the APES. The transformed Hamiltonian H˜(ai) is a funtion of
the parameters aθ, aǫ, a4, a5, a6, where ai are dimensionless values dened as ai =
µ~ω2
V1
αi; we set up these parameters by initial arbitrary numbers a
0
i , then the
programme an be run in order to nd the eigenvalues orresponding to these
65
Chapter 5: The Quadrati p2 ⊗ h JT Interation: A model for C2−60
parameters. The lowest energy among these eigenvalues is then our urrent energy
E(a0i ). The programme an be run again after we let one of the values of a0i to vary
by a small fator κ as a0i −→ a0i +κ and then we alulate the energy E(a0i +κ). If
the new energy is found to be lower, then the programme will be adjusted to move
to a new point until it ahieves the lowest energy orresponding to the hanging
of that parameter. The same proedure will be repeated for eah parameters a0i
suessively. Eventually, if there are no further hanges in ai whih lead to a
further lowering of the energy, then the nal ahieved energy an be aepted to
be the true energy of the minimum.
This approah is espeially useful here as it allows us to investigate the eet of
the two quadrati interation matries H˜2 and H˜3 separately. Thus, to aount for
the general oupling problem, it is useful to dened the vibroni oupling onstants
in their polar form by:
V2 = Vtot cosβ,
V3 = Vtot sin β, (5.2.1)
where Vtot is a positive number representing the overall magnitude of the quadrati
oupling. The mixing angle β has the eet of mixing the two sets of CG oe-
ients that appear in the Kroneker produt H ⊗ H . If we selet representative
values for the oupling onstants, we an minimise the energy numerially using
the above outlined method. The numerial minimaisation routine obtained from
this method is represented as {#} for the D3d symmetry and {} for the D5d
symmetry in Fig. 5.2, where we have assumed dimensionless oupling onstants
amounting to
V ′1 =
−V1√
µ~ω3
= 1,
V ′tot =
Vtot
µω2
= 0.1. (5.2.2)
5.2.1 The adiabati potential energy surfae (APES)
Fig. 5.2 illustrates the symmetry of the minima in the APES as a funtion of the
mixing angle β. It shows that, when 0 . β . 0.641, the APES of the system
has D5d symmetry lower in energy than the D3d symmetry. In the region where
0.641 . β . 3.78, the D3d symmetry beomes lower in energy than the D5d
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Figure 5.2: Energies and symmetry of the minima found by numerially min-
imising the transformed Hamiltonian H˜1 as a funtion of the mix-
ing angle β. The values used for the dimensionless oupling on-
stants are V ′1 = 1 and V
′
tot = 0.1 and the energy dierene due to
Coulombi interations has been ignored (δ = 0). The energy is
given in units of ~ω and the lines represent analytial expressions
of the energy for both types of minima.
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symmetry and therefore the system prefers to be onned to D3d minima. In the
range when β & 3.78, the system loalises again D5d minima.
The problem has also been investigated theoretially by applying a simple
method summarised as follow. Let rst assume that the problem will be investi-
gated for the D5d ase. Here, one of the D5d minimum points {aθ, aǫ, a4, a5, a6}
takes the general form as {0, 2ζ, 0, 0,
√
6ζ}, where ζ represents the required value
to minimised the energy. The ratio
aǫ
a6
=
√
2√
3
, by substituting this value with
aθ = a4 = a5 = 0 in the transformed Hamiltonian whih is a funtion of ai
produes a Hamiltonian as a funtion of the a6 alone. The eigenvalues and the
orresponding eigenstates an then be found. The lowest eigenvalues whih is a
funtion of the a6 will be hosen. Minimising this value with respet to a6 and
then solving the equation when it is equal to zero for a6. Sine the value of a6 is
obtained, the value of aǫ is then equal to
√
2√
3
a6. Substituting the a6 again in the
eigenvalue expression results an analytial expression for the D5d symmetry of the
following form
E (D5d) =
−2√5√
5 + 8V ′tot sin β
(V ′1)
2
~ω (5.2.3)
Similarly, by following the previous steps for the D3d ase, an analytial expression
for the minimum energy is found as
E (D3d) =
−6
3 + 8V ′tot cosβ
(V ′1)
2
~ω. (5.2.4)
An interesting observation here is that when these expressions are plotted for
the same previous values of V ′1 and V
′
tot, it shows a perfet t to the dashed
and dotted lines whih represent the numerial values that were obtained from
the minimisation programme, as shown in Fig. 5.2. Either D5d or D3d minima
our only if one of the onditions is satised either
√
5V2 > 3V3 or
√
5V2 < 3V3
respetively. For example, when V3 = 0, H2 produes D5d minima in the APES
provided that V2 > 0. However, if V2 < 0, it will produe D3d minima. This an
be seen very learly in Fig. 5.3, when V3 = 0 we should be looking only along the
V2 axis. Similarly, when V2 = 0, H3 by itself produes D3d minima in the APES if
V3 > 0 and D5d minima if V3 < 0. This is obvious from Fig. 5.3 when we look along
the V3 axis. Overall, only minima of D5d or D3d symmetry have been obtained.
A ritial mixing angle β an be found when the two energies of both symmetries
beome equally (i.e when E (D5d) = E (D3d)) from this a mixing angle is found
to be β = tan−1(
√
5/3). This angle divided the region into two parts as shown
68
Chapter 5: The Quadrati p2 ⊗ h JT Interation: A model for C2−60
Figure 5.3: Diagrammati representation of the symmetry of the minima as a
funtion of the mixing angle. At the origin, the quadrati onstants
are zero and so there is a ontinuous two-dimensional trough of
minima with energy Etrough = −2 (V ′1)2 ~ω. The minima are of
D3d symmetry in the range 0.641 . β . 3.78, and D5d elsewhere.
in Fig. 5.3 where the dierent symmetries are allowed to exist. The upper half
represents the region of the D3d symmetry where 0.641 . β . 3.78. The lower half
represents the D5d region for the rest values of β. It is also notieable that when
β = 0, V3 −→ 0 and the energy of the D5d minima is equal to −2 (V ′1)2 ~ω. This
is independent of the quadrati oupling strength V ′tot (provided that V
′
tot . 0.4,
above whih the quadrati part outweighs the ontribution from Hvib and the
minimisation routine diverges to −∞ as α → ∞). This energy is idential to
the energy of the two-dimensional trough obtained in the absene of quadrati
oupling, even though quadrati oupling is present and is undoubtedly warping
the APES. A rationalisation of this behaviour may be made by onsidering the
nature of the warping produed by the quadrati term only, as shown in Fig. 5.4.
When β = 0 (top part of Fig. 5.4), D5d minima are obtained with an energy of
−2 (V ′1)2 ~ω. Changing the value of V ′tot has no eet on this minimum energy,
but it will aet the `height' of the D3d `hills' between the minima, thus, warping
is inreased but the minima stay at the same energy. A similar argument an be
used to explain why the D3d minima produed when β = π/2 also have an energy
of −2 (V ′1)2 ~ω [Eq. (5.2.3)℄ provided the value of V ′tot is not exessive.
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Figure 5.4: Warping of the spherial APES obtained from the linear oupling
model by the quadrati interation Hamiltonians. The ases shown
orrespond to β = 0 (top) and β = π/2 (bottom). For larity, and
later use, the minima are labelled {A, B, . . ., F, a, b, . . ., j}.
5.2.2 Well positions and eletroni states
The values of the minimum points for the wells an be obtained using the theoret-
ial method outlined above when it was required to obtain the analytial results
for the energies. The rest of the minimum points of the wells an therefore be
obtained easily by applying the symmetry operators on one of the minimum point
and this an be worked for both symmetries. These values with the orresponding
eigenvetors are obtained and tabulated in Tables 5.1 and 5.2. In order to re-
due the omplexity of the problem, we shall present results for two spei ases,
exemplifying the behaviour in the presene of D5d and D3d minima as follow.
D5d minima
Table 5.1 gives the positions of the pentagonal wells ofD5d symmetry and the asso-
iated eletroni states. The vibroni states an be easily found using Eq. (2.3.18).
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Table 5.1: Eletroni states and well positions for the D5d symmetry ase.
Term splitting has been ignored and ζ = −
√
2√
5+8V ′
tot
sinβ
.
Label Shift, α
a
Eletroni state
A (−√3ζ,−ζ,√6ζ, 0, 0) (−1√
3
, −1√
5
, −1√
15
,
√
2√
5
, 0, 0)
B (−√3ζ,−ζ,−√6ζ, 0, 0) (−1√
3
, −1√
5
, −1√
15
, −
√
2√
5
, 0, 0)
C (
√
3ζ,−ζ, 0,√6ζ, 0) (−1√
3
, 1√
5
, −1√
15
, 0,
√
2√
5
, 0)
D (
√
3ζ,−ζ, 0,−√6ζ, 0) (−1√
3
, 1√
5
, −1√
15
, 0, −
√
2√
5
, 0)
E (0, 2ζ, 0, 0,
√
6ζ) (−1√
3
, 0, 2√
15
, 0, 0,
√
2√
5
)
F (0, 2ζ, 0, 0,−√6ζ) (−1√
3
, 0, 2√
15
, 0, 0,−
√
2√
5
)
a
In units of V1/~µω
2
.
D3d minima
Table 5.2 presents the positions of the trigonal wells of D3d symmetry and the
orresponding eletroni states.
5.2.3 Symmetry-adapted states
The general theory outlining the use of projetion operators in order to nd the
SASs is found in Setion 2.3.3. A spei appliation to JT systems has also been
made before in Refs. [84℄ and [22℄.
SASs for D5d minima
Symmetry adapted states of H and A symmetry are obtained after using the
projetion operator tehnique. These six states are linear ombination of the six
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Table 5.2: Eletroni states and well positions for the D3d symmetry ase.
Term splitting has been ignored and η = −2
√
3
3+8V ′
tot
cos β
.
Label Shift, α
a
Eletroni state
a ( 1√
2
η,−
√
3
2
η, η, 0, 0) (−1√
3
, 1
3
, −1√
3
,
√
2
3
, 0, 0)
b ( 1√
2
η,−
√
3
2
η,−η, 0, 0) (−1√
3
, 1
3
, −1√
3
, −
√
2
3
, 0, 0)
 ( 1√
2
η,
√
3
2
η, 0, η, 0) (−1√
3
, 1
3
, 1√
3
, 0,
√
2
3
, 0)
d ( 1√
2
η,
√
3
2
η, 0,−η, 0) (−1√
3
, 1
3
, 1√
3
, 0, −
√
2
3
, 0)
e (−√2η, 0, 0, 0, η) (−1√
3
, −2
3
, 0, 0, 0,
√
2
3
)
f (−√2η, 0, 0, 0,−η) (−1√
3
, −2
3
, 0, 0, 0, −
√
2
3
)
g (0, 0, η, η, η) (−1√
3
, 0, 0,
√
2
3
,
√
2
3
,
√
2
3
)
h (0, 0, η,−η,−η) (−1√
3
, 0, 0,
√
2
3
, −
√
2
3
, −
√
2
3
)
i (0, 0,−η, η,−η) (−1√
3
, 0, 0, −
√
2
3
,
√
2
3
, −
√
2
3
)
j (0, 0,−η,−η, η) (−1√
3
, 0, 0, −
√
2
3
, −
√
2
3
,
√
2
3
)
a
In units of V1/~µω
2
.
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well states given by
|Hθ〉 = NH
2
[|A′; 0〉+ |B′; 0〉 − |C ′; 0〉 − |D′; 0〉] ,
|Hǫ〉 = NH
2
√
3
[|A′; 0〉+ |B′; 0〉+ |C ′; 0〉+ |D′; 0〉 − 2|E ′; 0〉 − 2|F ′; 0〉] ,
|H4〉 = NH√
2
[ −|A′; 0〉+ |B′; 0〉], (5.2.5)
|H5〉 = NH√
2
[ −|C ′; 0〉+ |D′; 0〉],
|H6〉 = NH√
2
[ −|E ′; 0〉+ |F ′; 0〉],
|Aa〉 = NA√
6
[ |A′; 0〉+ |B′; 0〉+ |C ′; 0〉+ |D′; 0〉+ |E ′; 0〉+ |F ′; 0〉],
where NH and NA are normalisation onstants given by
NH =
√
5√
5− Sp
,
NA =
1√
1 + 5Sp
. (5.2.6)
Here, Sp is the phonon overlap between any two pentagonal wells and given by
Sp = exp[−6V ′21 ζ2]. (5.2.7)
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SASs for D3d minima
For D3d minima, ten SASs of H,G and A symmetry are obtained. They are linear
ombinations of the ten well states and given by
|Hθ〉 = NH√
12
[ |a′; 0〉+ |b′; 0〉+ |c′; 0〉+ |d′; 0〉 − 2|e′; 0〉 − 2|f ′; 0〉],
|Hǫ〉 = NH
2
[−|a′; 0〉 − |b′; 0〉+ |c′; 0〉+ |d′; 0〉],
|H4〉 = NH√
6
[ |a′; 0〉 − |b′; 0〉+ |g′; 0〉+ |h′; 0〉 − |i′; 0〉 − |j′; 0〉],
|H5〉 = NH√
6
[ |c′; 0〉 − |d′; 0〉+ |g′; 0〉 − |h′; 0〉+ |i′; 0〉 − |j′; 0〉],
|H6〉 = NH√
6
[ |e′; 0〉 − |f ′; 0〉+ |g′; 0〉 − |h′; 0〉 − |i′; 0〉+ |j′; 0〉],
|Ga〉 = NG
2
√
15
[2(|a′; 0〉+ |b′; 0〉+ |c′; 0〉+ |d′; 0〉+ |e′; 0〉+ |f ′; 0〉)
−3(|g′; 0〉+ |h′; 0〉+ |i′; 0〉+ |j′; 0〉)], (5.2.8)
|Gx〉 = NG√
12
[2( |a′; 0〉 − |b′; 0〉)− (|g′; 0〉+ |h′; 0〉) + |i′; 0〉+ |j′; 0〉],
|Gy〉 = NG√
12
[2( |c′; 0〉 − |d′; 0〉)− |g′; 0〉+ |h′; 0〉 − |i′; 0〉+ |j′; 0〉],
|Gz〉 = NG√
12
[2( |e′; 0〉 − |f ′; 0〉)− |g′; 0〉+ |h′; 0〉+ |i′; 0〉 − |j′; 0〉],
|Aa〉 = NA√
30
[ |a′; 0〉+ |b′; 0〉+ |c′; 0〉+ |d′; 0〉+ |e′; 0〉+ |f ′; 0〉
+|g′; 0〉+ |h′; 0〉+ |i′; 0〉+ |j′; 0〉].
where NH , NG and NA are normalisation onstants given by
NH =
1√
1 + 5
9
St − 29S2t
,
NG =
1√
1− 10
9
St − 29S2t
,
NA =
1√
1
3
+ 5
9
St +
2
9
S2t
. (5.2.9)
St is the phonon overlap between any two adjaent trigonal wells and is of the
form
St = exp[−V ′21 η2]. (5.2.10)
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5.2.4 Energies of the SASs
The energy of the SASs an be found by taking the matrix elements of the total
Hamiltonian divided by the norm of the states; Mathematially
EΓ =
〈Γi|Htotal|Γi〉
〈Γi|Γi〉 . (5.2.11)
|Γi〉 is the SAS of Γ symmetry and the subsript i refers to the ith omponent.
These alulations are not trivial in this system, sine the total Hamiltonian
Eq. (5.1.10) onsists of four dierent 6×6 Hamiltonians. For example, to nd the
energy of the states |Hθ〉 in Eq. (5.2.5) for the pentagonal ase, Eq. (5.2.11) is
written as
EH =
〈Hθ|Hvib|Hθ〉+ 〈Hθ|H1|Hθ〉+ 〈Hθ|H2|Hθ〉+ 〈Hθ|H3|Hθ〉
〈Hθ|Hθ〉 . (5.2.12)
As the |Hθ〉 is a normalised state, the denominator of this equation is equal to
unity. The rst term in Eq. (5.2.12) an be expanded as
〈Hθ|Hvib|Hθ〉 = N
2
H
4
[〈A′; 0|Hvib|A′; 0〉+ 〈A′; 0|Hvib|B′; 0〉 − 〈A′; 0|Hvib|C ′; 0〉
− 〈A′; 0|Hvib|D′; 0〉+ . . .]. (5.2.13)
The term 〈A′; 0|Hvib|A′; 0〉 is the matrix element of Hvib for the well state A.
〈A′; 0|Hvib|B′; 0〉 is the matrix element between the well states A and B. These
terms an be written in more simplied forms as S〈A′|Hvib|B′〉, where S is the
phonon overlap between the osillators in the wells found using Eq. (2.3.23). The
other terms in Eq. (5.2.12) an be similarly expanded. The alulations are um-
bersome sine they need to be undertaken for eah Hamiltonian in Eq. (5.1.10)
and will not be disussed further. Below are expressions of the energies obtained
for the two ases of D5d and D3d minima.
D5d minima
The matrix elements of the total Hamiltonian Eq. (5.1.10) for D5d minima are
presented in Table 5.3. Substituting them into Eq. (5.2.12) yields the energies of
the H and A pentagonal SASs. They are found to be
EpH =
HAA − 15SpHAB
1− 1
5
Sp
,
EpA =
HAA + SpHAB
1 + Sp
. (5.2.14)
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Table 5.3: The matrix elements for the D5d minima.
Hamiltonian 〈A′; 0|H |A′; 0〉/~ω 〈A′; 0|H |B′; 0〉/~ω
Hvib 5V ′21 ζ2 + 52 −V ′21 ζ2 + 52
H1 2
√
10V ′21 ζ 2
√
10V ′21 ζ
H2 0 6V ′21 V ′2ζ2
H3 −
√
10(1 +
√
5
2
ζ)V ′21 ζ −
√
10
4
(1 +
√
5
2
ζ)V ′21 ζ
Htotal
√
10V ′2
1
ζ + 5
2
[(− 9
4
+ 6V ′
2
)ζ + 7
4
√
10]V ′2
1
ζ + 5
2
Note: The eletroni and the phonon overlaps are not inluded in the alulated matrix elements.
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Figure 5.5: Energies of the SASs derived for D5d minima ignoring the dif-
ferenes between the term energies. It has been assumed that
V ′1 = 10V
′
tot and the mixing angle is β = 0 (V
′
3 = 0). The dotted
urve represents the H state and the solid urve represents the A
state.
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Table 5.4: The matrix elements for the D3d minima.
〈a′; 0|H |a′; 0〉/~ω 〈a′; 0|H |b′; 0〉/~ω 〈a′; 0|H |c′; 0〉/~ω
Hvib 32V ′21 + 52 12V ′21 η2 + 52 − 12V ′21 η2 + 52
H1 2
√
3V ′21 η 2
√
3V ′21 η 2
√
3V ′21 η
H2 −
√
3(1 +
√
3
2
η)V ′2
1
η 3V ′2
1
V ′
2
η2 V ′2
1
V ′
2
η2
H3 0 1√
5
V ′21 V
′
3η
2 1√
5
V ′21 V
′
3η
2
Htotal
√
3V ′21 η +
5
2
(1
2
+ 3V ′2 +
V ′
3√
5
+ 2
√
3
η
)V ′21 η
2 + 5
2
(−1
2
+ V ′2 +
V ′
3√
5
+ 2
√
3
η
)V ′21 η
2 + 5
2
Note: The eletroni and the phonon overlaps are not inluded in the alulated matrix elements.
It should be noted that HAA = 〈A′; 0|Htotal|A′; 0〉, HAB = 〈A′; 0|Htotal|B′; 0〉. . . et.
Also the matrix element HAB is equal to the HAC , beause the wells in the pen-
tagonal ase are equally separated.
The energies of the SASs for theD5d ase are plotted in Fig. 5.5 for the partiular
mixing angle β = 0 (i.e V ′3 = 0). The gure shows the energies of the symmetry-
adapted states (divided by ~ω to reate a dimensionless quantity), relative to EJT
as a funtion of the dimensionless linear oupling parameter V ′1 . The gure shows
that the ground state is of A symmetry. In the strong oupling limit, the energies
tend to
5
2
~ω representing ve harmoni osillators of the hg mode as expeted. At
zero oupling (i.e V ′1 = 0), the A and H states are degenerate with an energy of
5
2
~ω.
D3d minima
The matrix elements of the Hamiltonian between the states assoiated with the
wells for D3d minima are given in Table 5.4. In this table, 〈a′; 0|H|a′; 0〉 is the
matrix element for the same well and 〈a′; 0|H|b′; 0〉 and 〈a′; 0|H|c′; 0〉 for the ad-
jaent ones. Here, 〈a′; 0|H|a′; 0〉 = Haa, 〈a′; 0|H|b′; 0〉 = Hab. . . et; the matrix
element Hab is dierent from the matrix element Hac due to the dierenes in
the separations between the triagonal wells as will be disussed in the following
setion. Therefore extra are should be taken when alulating the energy for this
ase. The energies of the H,G and A trigonal SASs are found to be
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Figure 5.6: Same as in Fig. 5.5, but for the D3d wells arising when β = π/2 (
V ′2 = 0).The dotted urve represents the H state, the solid urve
represents the A state and the dashed one represents the G state.
EtH =
Haa +
5
9
StHab − 29S2tHac
1 + 5
9
St − 29S2t
,
EtG =
Haa − 109 StHab + 19S2tHac
1− 10
9
St +
1
9
S2t
, (5.2.15)
EtA =
1
3
Haa +
5
9
StHab +
2
9
S2tHac
1
3
+ 5
9
St +
2
9
S2t
.
These energies for theD3d minima are plotted as shown in Fig. 5.6 for the mixing
angle, β = π/2 (i.e V ′2 = 0). It shows the energies of the SASs relative to EJT as a
funtion of the dimensionless linear oupling parameter V ′1 . The gure shows that
the ground state is of A symmetry. In fat, the behaviour of the A and H states
is rather similar irrespetive of whether they arise from ombinations of D5d or
of D3d wells. Also the gure shows the expeted trend of the energies where all
tend to
5
2
~ω again behaving as a ve dimensional harmoni osillator. At zero JT
oupling, the states of the A and H symmetry are degenerate whih represents the
symmetries of the terms of the anion with whih we started the problem. It is also
seen that, in the ase of the D3d minima, the additional wells give rise to a SAS of
G symmetry whih forms the rst exited vibroni state, sometimes referred to as
the tunnelling state. If these states are observed spetrosopially, this additional
four-fold degenerate state ould be used as an indiator of the symmetry of the
ion.
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5.3 Pseudorotation in C
2−
60 anion without Coulomb
interation
The method outlined in Chapter 3 related to the time evolution of the system will
be used here. The theory is applied to both D5d and D3d symmetries in order to
investigate the dynamial motion of the ion. The alulations of the probabilities
will start by inverting equations (5.2.5) and (5.2.8) to obtain the states of the wells
in terms of the SASs; then by using Eq. (3.2.9), the probabilities of the systems
initially loalised in a spei well and found later in another well will be derived.
The results are as follows.
5.3.1 D5d Symmetry
The unnormalised states assoiated with the pentagonal wells are
|A′; 0〉 = |Aa〉√
6NA
+
|Hθ〉
2NH
+
|Hǫ〉
2
√
3NH
− |H4〉√
2NH
,
|B′; 0〉 = |Aa〉√
6NA
+
|Hθ〉
2NH
+
|Hǫ〉
2
√
3NH
+
|H4〉√
2NH
,
|C ′; 0〉 = |Aa〉√
6NA
− |Hθ〉
2NH
+
|Hǫ〉
2
√
3NH
− |H5〉√
2NH
,
|D′; 0〉 = |Aa〉√
6NA
− |Hθ〉
2NH
+
|Hǫ〉
2
√
3NH
+
|H5〉√
2NH
,
|E ′; 0〉 = |Aa〉√
6NA
− |Hǫ〉√
3NH
− |H6〉√
2NH
,
|F ′; 0〉 = |Aa〉√
6NA
− |Hǫ〉√
3NH
+
|H6〉√
2NH
, (5.3.1)
where NA and NH are the normalisation onstants whih are dened earlier in
the hapter. The above states may be normalised by multiplying them with the
normalisation onstant
N =
1√
1 + 2Sp√
3
. (5.3.2)
Now, the above states are used to nd the probabilities of the system whih are
given by
PAA(t) = 1− 1
(3 + 2Sp)2
[
(5− Sp)(1 + 5Sp) sin2
(
∆t
2~
)]
, (5.3.3)
PAB(t) =
1
25(3 + 2Sp)2
[
169 S2p + 5(5− Sp)(1 + 5Sp) sin2
(
∆t
2~
)]
,
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Figure 5.7: Internal dynamis of the D5d symmetry with V
′
tot = 0.1, V
′
1 = 1.5.
The dashed urve represents the PAA and the solid one represents
the PAB .
where ∆ is the energy dierene between the energies of the SASs and given by
∆ = − 6 Sp lnSp
(5− Sp)(1 + Sp)(1− V
′
tot). (5.3.4)
The pseudorotational dynamis for this ase is illustrated in Fig. 5.7 for a mod-
erately strong oupling V ′1 = 1.5. An interesting observation is that PAA >
4
9
at
all times and the probability of nding the system initially loalised in well A to
remain in the same well later never drops below
4
9
. The gure shows that, at t = 0
the system migrates from well A and starts to appear in well B (or in any of the
adjaent wells C, D, E or F). After a time t = π~
∆
,the probability of nding the sys-
tem in well B reahes its maximum value. When t = 2π~
∆
, the system has returned
bak to its initial state after ompleting one pseudorotational period Tp =
2π~
∆
.
The dimensionless pseudorotational rate Rp an be found using Eq. (3.3.8).
Another interesting feature here is that, the sum of the probabilities of being in
any of the six well states at time t is
F∑
X=A
PAX = 1 +
169S2p
5(3 + 2Sp)2
. (5.3.5)
This sum is independent of time as expeted, and as V ′1 −→∞ the separation walls
between wells beomes higher and the phonon overlap Sp tends to zero. Therefore,
the summation tends to one as expeted as the system must be loalised in one
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of the wells. Overall, the system in this ase pseudorotates between all wells in a
regular pattern similar to that in the C
−
60 with some dierenes due to the spei
irumstanes for eah problem.
5.3.2 D3d Symmetry
For this ase the unnormalised states assoiated with the trigonal wells are found
to be as
|a′; 0〉 =
√
3|Aa〉√
10NA
+
√
2|Hθ〉 −
√
6|Hǫ〉+ 2|H4〉
2
√
6NH
+
3|Ga〉+
√
5|Gx〉
3
√
15NG
,
|b′; 0〉 =
√
3|Aa〉√
10NA
+
√
2|Hθ〉 −
√
6|Hǫ〉 − 2|H4〉
2
√
6NH
+
3|Ga〉 −
√
5|Gx〉
3
√
15NG
,
|c′; 0〉 =
√
3|Aa〉√
10NA
+
√
2|Hθ〉+
√
6|Hǫ〉+ 2|H5〉
2
√
6NH
+
3|Ga〉+
√
5|Gy〉
3
√
15NG
,
|d′; 0〉 =
√
3|Aa〉√
10NA
+
√
2|Hθ〉+
√
6|Hǫ〉 − 2|H5〉
2
√
6NH
+
3|Ga〉 −
√
5|Gy〉
3
√
15NG
,
|e′; 0〉 =
√
3|Aa〉√
10NA
− 2
√
2|Hθ〉 − 2|H6〉
2
√
6NH
+
3|Ga〉+
√
5|Gz〉
3
√
15NG
, (5.3.6)
|f ′; 0〉 =
√
3|Aa〉√
10NA
− 2
√
2|Hθ〉+ 2|H6〉
2
√
6NH
+
3|Ga〉 −
√
5|Gz〉
3
√
15NG
,
|g′; 0〉 =
√
3|Aa〉√
10NA
+
|H4〉 − |H5〉+ |H6〉√
6NH
− 3|Ga〉+
√
5(|Gx〉+ |Gy〉+ |Gz〉)
2
√
15NG
,
|h′; 0〉 =
√
3|Aa〉√
10NA
+
|H4〉 − |H5〉 − |H6〉√
6NH
− 3|Ga〉+
√
5(|Gx〉 − |Gy〉 − |Gz〉)
2
√
15NG
,
|i′; 0〉 =
√
3|Aa〉√
10NA
− |H4〉 − |H5〉+ |H6〉√
6NH
− 3|Ga〉 −
√
5(|Gx〉+ |Gy〉 − |Gz〉)
2
√
15NG
,
|j′; 0〉 =
√
3|Aa〉√
10NA
− |H4〉+ |H5〉 − |H6〉√
6NH
− 3|Ga〉 −
√
5(|Gx〉 − |Gy〉+ |Gz〉)
2
√
15NG
.
The NA, NG and NH are the normalisation onstants for the SASs. These states
an be normalised by multiplying them by the normalisation onstant
N =
1√
1− 2S2t
15
. (5.3.7)
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The probabilities of the system to evolve to another well at a later time t are found
to be
Paa(t) = 1− F1 [15 F2 − 12 F3 + 20 F4] ,
Pab(t) =
F1
9
[
9S2t (25 + 4St)
2 − 45 F2 − 72 F3 + 40 F4
]
,
Pac(t) =
F1
9
[45 F2 + 2 F3 + 5 F4] ,
where F1, F2, F3 and F4 are dened by
F1 =
1
9(15− 2S2t )2
,
F2 = (27 + St(60 + 37St − 4S3t )) sin2
(
∆1t
2~
)
,
F3 = (1 + St)(3 + 2St)(−9 + 2St(5 + St)) sin2
(
∆2t
2~
)
, (5.3.8)
F4 = (−9 + 2St(5 + St))(−9 + St(−5 + 2St)) sin2
(
∆3t
2~
)
,
where ∆1, ∆2 and ∆3 are the energy dierenes between the SASs A, G and H
whih are given by
∆1 = −2St lnSt(−15− 24St − 10S
2
t +
√
5(3 + 4St(3 + 2St))Vtot′)
−27 + St(−60− 37St + 4S3t )
~ω,
∆2 = −5St lnSt(15 + 6St − 5S
2
t +
√
5(−3 + St(−3 + 4St))Vtot′)
(−9 + St)(−1 + St)(1 + St)(3 + 2St) ~ω,
∆3 = −3St lnSt(−45 + 18St − 5S
2
t +
√
5(9 + St(−9 + 4St))Vtot′)
(−9 + St)(−1 + St)(−9 + St(−5 + 2St)) ~ω.
(5.3.9)
It an be inferred from the above expressions for the probabilities that, the
interwell dynamis in the trigonal ase is more ompliated than that for the
pentagonal ase. In the trigonal distortion, there are two tunnelling splittings
between the states involved rather than one ompared to the pentagonal distortion.
The wells here an be lassied as nearest-neighbour {b, g, h} and next nearest-
neighbour wells {c, d, e, f, i, j} when we start o in well a. The system in this
approah is allowed to tunnel to either one of the wells in the rst set or to one
in the seond set. This an be seen learly from Fig. 5.8. The regime of this
trend is as follow; when the time equals zero, the system is initially prepared in
well a and the probabilities of nding it in well b and c are very small. As time
progresses, the system starts to evolves with a dereasing probability of nding it
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Figure 5.8: Internal dynamis of the D3d symmetry with V
′
tot = 0.1, V
′
1 = 1.5.
The dotted urve represents the Paa; the dashed urve represents
the Pab and the solid urve represents the Pac.
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Figure 5.9: Plot for the Paa for a long-term variation as a funtion of t. The
vibroni oupling onstants have been takes as V ′tot = 0.1, V ′1 = 1.5.
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Figure 5.10: Plot for the Pab for a long-term variation as a funtion of t. The
vibroni oupling onstants have been takes as V ′tot = 0.1, V ′1 =
1.5.
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Figure 5.11: Plot for the Pac for a long-term variation as a funtion of t. The
vibroni oupling onstants have been takes as V ′tot = 0.1, V ′1 =
1.5.
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still loalised in well a and inreasing of that for both wells b and c. Here, the
gure shows that on average, the system is more likely to be in well b than well
c as the rate of inrease in Pac is smaller than Pab. This is an expeted situation
as well b is the nearest-neighbour and well c is the next nearest-neighbour to well
a. With time inreasing, the system has oupied well b and then well c. After
a period of time, the system has migrated bak to its original well state. It an
be seen from the gure that, after the system ompletes one revolution the state
is no more idential to the initial state and this an be seen learly if the proess
extended over a period of time as in Fig. 5.9, 5.10 and 5.11. The gures show
plots of Paa, Pab and Pac displayed over a longer period of time. The state behaves
in suh a way that the system reours in the initial state again, an inreasingly
large perentage of it gets left behind in the other wells whih leads to a derease
in the rate of the Paa in the seond reourrene. From the gures, the expeted
time that the system ould repeat this iruit again is ∽ 285ωt.
5.4 Summary and Disussion
In this hapter, an approximate model appliable to C
2−
60 anions has been devel-
oped. This model has been treated using numerial and analytial tehniques to
investigate the minima on the APES. Inluding the quadrati oupling led to have
two dierent kinds of minima : one with D5d symmetry, and the other with D3d
symmetry. The results whih has been obtained from the numerial and theo-
retial methods for these two ases show perfet onsisteny. Also, the energies
and the orresponding eigenstates for both the stati and the dynami JT intera-
tion have been found analytially and plotted as a funtion of the linear vibroni
oupling onstant. The plotted energy levels showed an agreement with those
obtained previously by O'Brien in Ref. [47℄.
The pseudorotation of the dynamial systems has also been studied for both
ases and the probabilities of nding the systems at time t later have been de-
rived using the time evolution operator. The system involving the D5d minima
pseudorotates freely between all wells in a regular pattern, while the D3d minima
behave dierently due to the ompliated shape of the APES.
If we assume that the ion is treated as if the hg(2) mode is the only mode of
importane at ∼ 429 m−1 (∼ 53.2 meV) as this is thought to be the most strongly
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oupled mode in some Refs. [85℄. Manini et al. [7℄ have alulated a JT energy for
this mode in C60 of 6.3 meV, together with a linear oupling onstant g = 0.489.
Comparing theories suggests that in terms of our parameters, V ′1 =
1
2
g = 0.245.
To hek this, it is noted that EJT ≈ −2 (V ′1)2 ~ω and so it is alulated, using the
above quantities, EJT = 6.4 meV, in good agreement with the value alulated by
Manini et al. [7℄.
This work has been partially published in Ref. [86℄.
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A further investigation of the C
2−
60
anion with e-e repulsion inluded
In this hapter, we will investigate the previous problem analytially when the
term splitting that appears as a result of the e-e repulsion is inluded in the
problem. Inluding this term ompliates the alulations when it is required to
obtain analytial expressions for the positions of the minima and the orresponding
energies. Nevertheless, the insertion of this term ould be important. There are
suggestions that it is even stronger than the JT interation in the doubly-doped
ions whih add to the Coulomb repulsion to loalise eletrons although this is not
lear [87℄.
6.1 A general review of the system
In the previous hapter the eletroni basis states have been derived for the low-
spin terms {A,H} when the term splitting has been ignored. When this term is
taken into aount, splitting between the basis states of these terms ours leading
to a removal of the degeneray between them. The Hamiltonian whih represents
this problem has the general form as in Eq. (5.1.10), where the term splitting
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Hamiltonian HTS is represented by
HTS =


δ 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0


. (6.1.1)
This form of the matrix ensures that in the absene of the JT interation, the
eletroni states are suh that there is an energy dierene δ between the |A〉
state and the |H〉 state, as shown in Fig. 5.1. The transformed Hamiltonian
for this problem is a funtion of the values of (ai) whih speify the positions
of the wells. These values itself are funtions of the term splitting δ. It is also
found numerially that, for eah well, the rst omponents of the orresponding
eletroni state also varies as a funtion of δ. For example, the eletroni state for
well E of the D5d ase has the form{−
√
5
6
X1, 0,
√
2
3
, 0, 0, 1}, where X1 represents
the variation of the rst omponents with respet to the inlusion of the term
splitting. From the theoretial point of view this is quite reasonable as Coulomb
repulsion splits the A state away from the H state, while the H state keeps the
same position unhanged. Again for simpliity, the problem will be onsidered for
eah ase of symmetry separately.
6.2 D5d minima
Following the same proedures that were outlined in the previous hapter but
inluding the term splitting this time, it is found that the minimum points have
the form shown in Table. 6.1. In this table, σ1 and X1 are unknowns depend on
the value of δ. These values an be found by onsidering one of the minima and
substituting the shifts and the orresponding eletroni state into the eigenvalue
equation H˜ψelect = EJTψelect. In this expression, ψelect is the eletroni state
and EJT is the energy of the minimum, whih oinides with the JT energy. The
unknowns σ1 and X1 have been hosen to simultaneously obey both this eigenvalue
equation and the requirement that σ1 should minimise EJT . Pratially, to nd
the values of σ1 and X1 we start the evaluation by hoosing a minimum point (say
the minima for well E for the sake of simpliity), and substitute both the positions
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Table 6.1: The shifts and their assoiated eletroni states if the minima have
D5d symmetry and term splitting is inluded. σ1 and X1 are de-
sribed in the text.
Label Shift, α
a
Eletroni state
A
−2σ1√
10
(−√3,−1,√6, 0, 0) (−√5
6
X1,
−1√
2
, −1√
6
, 1, 0, 0
)
B
−2σ1√
10
(−√3,−1,−√6, 0, 0) (−√5
6
X1,
−1√
2
, −1√
6
,−1, 0, 0
)
C
−2σ1√
10
(√
3,−1, 0,√6, 0) (−√5
6
X1,
1√
2
, −1√
6
, 0, 1, 0
)
D
−2σ1√
10
(√
3,−1, 0,−√6, 0) (−√5
6
X1,
1√
2
, −1√
6
, 0,−1, 0
)
E
−2σ1√
10
(
0, 2, 0, 0,
√
6
) (−√5
6
X1, 0,
√
2
3
, 0, 0, 1
)
F
−2σ1√
10
(
0, 2, 0, 0,−√6) (−√ 5
6
X1, 0,
√
2
3
, 0, 0,−1
)
a
In units of V1/~µω
2
, so that σ1 is dimensionless.
of the minima and the orresponding eletroni state in the eigenvalue equation
H˜ψelect = EJTψelect. (6.2.1)
Next we take the rst omponent of the vetor obtained from the produt H˜ψelect
and divide by the rst omponent of ψelect itself to give
EJT1 =
5X1δ + 2 V
′2
1 σ1(−10 + 8
√
5 V
′
3σ1 + 5X1σ1)
5X1
, (6.2.2)
and then apply the same proedure on the seond omponent whih gives
EJT2 =
2σ1 V
′2
1 (−5X1 + 4
√
5X1 V
′
3 σ1 + 5 σ1 − 5 + 4
√
5 V ′3 σ1)
5
. (6.2.3)
For ψelect to be a proper eigenfuntion, we must have EJT1 = EJT2, then Eq. (6.2.2)
and Eq. (6.2.3) give
2 ∆σ1(4 V
′
3 σ1 −
√
5) =
√
5P (X1) (6.2.4)
where ∆ is dened as
∆ =
(V ′1)
2
~ω
δ
(6.2.5)
and
P (X1) =
X1
(X1 + 2)(X1 − 1) . (6.2.6)
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Now, we need to nd value of σ1 to minimise EJT , in order to satisfy the
ondition
∂EJT
∂σ1
= 0. Applying this to Eq. (6.2.3), an expression of ∂X1
∂σ1
is found as
∂X1
∂σ1
= −X1(8 V
′
3 σ1 −
√
5) + 2
√
5 σ1 −
√
5 + 8 V ′3 σ1
σ1(4 V ′3 σ1 −
√
5)
. (6.2.7)
Dierentiating Eq. (6.2.4) with respet to σ1 produes
2 ∆(8 V ′3 σ1 −
√
5) =
√
5
∂P (X1)
∂X1
∂X1
∂σ1
. (6.2.8)
Then substituting Eq. (6.2.7) into Eq. (6.2.8) we nd
σ1 =
√
5( P (X1)
(∂P (X1)/∂X1)
+X1 + 1)
2
√
5 + 8 V ′3(
P (X1)
(∂P (X1)/∂X1)
.+X1 + 1)
(6.2.9)
On using the denition of P (X1) and simplifying it we get
σ1 =
√
5 F (X1)√
5 + 8 V ′3 F (X1)
, (6.2.10)
where F (X1) is the funtion
F (x) =
1 + 2x
2 + x2
. (6.2.11)
With these expressions, EJT has the general form
E
(D5d)
JT =
X21
2 +X21
δ − 2
√
5(F (X1))
2
(
√
5 + 8 V ′3 F (X1))
(V ′1)
2
~ω. (6.2.12)
for the ase when V ′3 = 0
σ1 = F (X1), (6.2.13)
and therefore
E
(D5d)
JT =
X21
2 +X21
δ − 2(F (X1))2 (V ′1)2 ~ω. (6.2.14)
Now, X1 must satisfy a ertain ondition in order to ensure that the above ex-
pression of EJT is the lowest energy of the system. To onrm that the ondition
in Eq. (6.2.4) must be satised, we have
2 ∆σ1(4 V
′
3 σ1 −
√
5)−
√
5P (X1) = 0 (6.2.15)
and so
(X1 + 2)(X1 − 1)2 ∆σ1(4 V ′3 σ1 −
√
5)−
√
5X1 = 0, (6.2.16)
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using Eq. (6.2.10)
2 ∆(X1+2)(X1−1)
( √
5 F (X1)√
5 + 8 V ′3 F (X1)
)(
4
√
5 F (X1)V
′
3√
5 + 8 V ′3 F (X1)
−
√
5
)
−
√
5X1 = 0,
(6.2.17)
10 ∆ F (X1)(−4 V ′3 F (X1)−
√
5)(X1 + 2)(X1 − 1)
−
√
5X1(
√
5 + 8 V ′3F (X1))
2 = 0. (6.2.18)
When V ′3 = 0, this beomes
2 ∆ F (X1)(X1 + 2)(X1 − 1) +X1 = 0, (6.2.19)
on substituting into Eq. (6.2.11)
2 ∆(1 + 2X1)(X1 + 2)(X1 − 1) +X1(2 +X2) = 0, (6.2.20)
yields the ubi equation
(1 + 4∆)X31 + 6∆X
2
1 + 2(1− 3∆)X1 − 4∆ = 0. (6.2.21)
Here the (real) root must be taken whih yields the lowest energy. If ∆ → ∞,
so that the dierene between the term energies is negligible ompared to the
JT energy, then Eq. (6.2.21) has a solution X1 = 1, whih implies that σ1 = 1
and E
(D5d)
JT = −2 (V ′1)2 ~ω, as found earlier. On the other hand, as ∆ → 0,
i.e. if the dierene between the term energies overwhelms the JT energy, then
Eq. (6.2.21) has the real solution X1 = 0, whih implies that σ1 = 1/2 and
E
(D5d)
JT = −12 (V ′1)2 ~ω, whih will be negligible ompared to δ.
6.3 D3d minima
In this ase, the above proedure an be repeated but this time the minima shown
in Table 6.2 will be used. The value of σ2 is found in a similar way to σ1, to be
σ2 =
3F (X2)
3 + 8V ′2 F (X2)
. (6.3.1)
Therefore, the JT energy is found to have the general form
E
(D3d)
JT =
X22
2 +X22
δ − 6(F (X2))
2
(3 + 8 V ′2 F (X2))
(V ′1)
2
~ω. (6.3.2)
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Table 6.2: The shifts and their assoiated eletroni states if the minima have
D3d symmetry and term splitting is inluded. σ2 and X2 are de-
sribed in the text.
Label Shift, α
a
Eletroni state
a
−2σ2√
6
(
1,−√3,√2, 0, 0) (−√3
2
X2,
1√
2
,−
√
3
2
, 1, 0, 0
)
b
−2σ2√
6
(
1,−√3,−√2, 0, 0) (−√3
2
X2,
1√
2
,−
√
3
2
,−1, 0, 0
)

−2σ2√
6
(
1,
√
3, 0,
√
2, 0
) (−√ 3
2
X2,
1√
2
,
√
3
2
, 0, 1, 0
)
d
−2σ2√
6
(
1,
√
3, 0,−√2, 0) (−√3
2
X2,
1√
2
,
√
3
2
, 0,−1, 0
)
e
−2σ2√
6
(−2, 0, 0, 0,√2) (−√3
2
X2,−
√
2, 0, 0, 0, 1
)
f
−2σ2√
6
(−2, 0, 0, 0,−√2) (−√3
2
X2,−
√
2, 0, 0, 0,−1
)
g
−2σ2√
6
(
0, 0,
√
2,
√
2,
√
2
) (−√3
2
X2, 0, 0, 1, 1, 1
)
h
−2σ2√
6
(
0, 0,
√
2,−√2,−√2) (−√3
2
X2, 0, 0, 1,−1,−1
)
i
−2σ2√
6
(
0, 0,−√2,√2,−√2) (−√3
2
X2, 0, 0,−1, 1,−1
)
j
−2σ2√
6
(
0, 0,−√2,−√2,√2) (−√3
2
X2, 0, 0,−1,−1, 1
)
a
As for Table 5.1, these are given in units of V1/~µω
2
.
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For the ase when V ′2 = 0
σ2 = F (X2), (6.3.3)
and
E
(D3d)
JT =
X22
2 +X22
δ − 2F (X2))2 (V ′1)2 ~ω (6.3.4)
where F is the same funtion as given in Eq. (6.2.11) and X2 obeys exatly the
same equation as X1 in Eq. (6.2.21).
6.4 Symmetry-adapted states
The SASs for both ases an be obtained using the projetion operator, in a
similar manner to that presented earlier. Combinations of the vibroni states
|Γ′; 0〉 assoiated with eah minimum are taken to formulate these SASs using the
denition of the wells presented in Tables 6.1 and 6.2.
One again, the two separate ases treated in the previous setion will be on-
sidered, when either V ′2 = 0 or V3 = 0.
6.4.1 Energies of the SASs from D5d minima
In this ase, again the states of A andH symmetry result from taking ombinations
of the six wells; these states have the same form as that in Eq. (5.2.5), but with
dierent denition of the vibroni state. The orresponding energies are given by
EpA =
HAA −G(X1)SpHAB
1−G(X1)Sp ,
EpH =
5HAA +G(X1)SpHAB
5 +G(X1)Sp
, (6.4.1)
where G(x) is the funtion
G(x) =
2− 5x2
2 + x2
, (6.4.2)
and Sp is the phonon overlap between any two adjaent pentagonal wells given by
Sp = exp
[
−12
5
(σ1V
′
1)
2
]
. (6.4.3)
In Eq. (6.4.1), HXY = 〈X ′; 0|Htotal|Y ′; 0〉/〈X ′; 0|Y ′; 0〉 are the matrix elements
of the total Hamiltonian between wells X and Y. Thus, we an derive losed
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expressions for these quantities in the form:
HAA =
X21
2 +X21
δ +
[
5
2
− 2 (σ1V ′1)2
]
~ω,
HAB =
5X21
5X21 − 2
δ +
{
5
2
− σ1 (V ′1)2
[
2
5
σ1 +
4 (4X1 − 1)
5X21 − 2
− 72σ1V
′
tot
4 (5X21 − 2)
]}
~ω, (6.4.4)
where V ′tot is the dimensionless quadrati oupling onstant dened in Eq. (5.2.2).
6.4.2 Energies of the SASs from D3d minima
The SASs here having A, G and H symmetries and also have the same form
as these given in Eq. (5.2.8) but again with dierent meanings of the well state
inluded in the form.
The energies of these states are found to be
EtA =
Haa + 3g1(X2)StHab − 6g2(X2)S2tHac
1 + 3g1(X2)St − 6g2(X2)S2t
,
EtG =
Haa − 2g1(X2)StHab − g2(X2)S2tHac
1− 2g1(X2)St − g2(X2)S2t
,
EtH =
Haa + g1(X2)StHab + 2g2(X2)S
2
tHac
1 + g1(X2)St + 2g2(X2)S2t
, (6.4.5)
where g1(x) and g2(x) are the funtions
g1(x) =
2 + 3x2
3 (2 + x2)
,
g2(x) =
2− 3x2
3 (2 + x2)
, (6.4.6)
and St is the phonon overlap between nearest neighbours, respetively,
St = exp
[
−4
3
(σ2V
′
1)
2
]
, (6.4.7)
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The matrix elements in Eq. (6.4.5) are found as
Haa =
X22
2 +X22
δ +
[
5
2
− 2 (σ2V ′1)2
]
~ω,
Hab =
3X22
3X22 + 2
δ +
{
5
2
+ σ2 (V
′
1)
2
[
2
3
σ2 − 4 (4X2 + 1)
3X22 + 2
+
4
√
5σ2V
′
tot
3 (3X22 + 2)
]}
~ω,
Hac =
3X22
3X22 − 2
δ +
{
5
2
− σ2 (V ′1)2
[
2
3
σ2 +
4 (2X2 − 1)
3X22 − 2
− 4
√
5σ2V
′
tot
3 (3X22 − 2)
]}
~ω. (6.4.8)
As a orollary to these expressions, it is noted that the JT energy relative to the
D3d minima in the APES an be found most simply using
EJT = Haa − 52~ω. (6.4.9)
The JT energy of the D5d minima an be found from HAA in Eq. (6.4.4) using an
analogous expression.
6.5 Disussion
Equations (6.4.1) and (6.4.5) an be used to obtain plots of the energies of the SASs
for the two ases onsidered. This, of ourse, requires knowledge of the oupling
onstants and Coulombi term energies. It an also be used to provide a more
graphial interpretation of the results for partiular values of these parameters.
Let us rst assume that the quadrati oupling onstant is small ompared to its
linear ounterpart, to the extent that V ′1 = 10V
′
tot. If δ is zero, then the energies of
the SASs arising from the ombination of theD5d andD3d wells as a funtion of the
dimensionless linear oupling parameter V ′1 , are as shown previously in Figs. 5.5
and 5.6 respetively.
For the ase where δ is non-zero, a partiular example, δ = 0.5~ω will be taken,
whih should make the A state higher in energy than the H state in the absene
of JT oupling, in the spirit of the variation shown in Fig. 5.1. Keeping the other
parameters as before, the resulting plots are as shown in Figs. 6.1 and 6.2. It is
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immediately apparent that in both gures, in the limit as V ′1 → 0, the A state
does attain an energy exeeding that of the H state in a good agreement with that
obtained by O'Brien [47℄ and [81℄ when the term splitting is taken into aount.
The H state ontinues to be the lowest in energy until the limit V ′1 . 0.5. From
the gures, the rossover between the H state and the A state is predited to our
at values of V ′1 ≈ 0.45 for the D5d ase, whereas, V ′1 ≈ 0.5 for the D3d ase. Also
it an be seen that, at zero oupling, the A state starts from a relative energy of
3.5~ω while the H state starts from 2.5~ω in both gures. The separation between
the A state and the H state ours due to the inlusion of the term splitting. If
the term splitting set to be zero, then the relative energies of both states are 2.5 as
shown in Figs. 5.5 and 5.6 again for both ases. All states tend to the orret limit
in strong oupling as expeted in our theory. The G state in the D3d symmetry is
again the rst exited vibroni state or the tunnelling state whih an be used as
an indiator of the symmetry of the ion spetrosopially. It should be noted here
that by hanging the values of either the term splitting or the quadrati oupling
will makes only a trivial hanges in the plotted energies whih an be ignored and
regard the situation as that appeared in Figs. 6.1 and 6.2 for dierent values of
both parameters.
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Figure 6.1: Energies of the SASs derived from D5d minima when δ = 0.5~ω. It
has been assumed that V ′1 = 10V
′
tot. The dotted urve represents
the H state and the solid urve represents the A state.
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Figure 6.2: As for Fig. 6.1, but for the D3d wells arising. The dotted urve
represents the H state, the solid urve represents the A state and
the dashed one represents the G state
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Hole-doped derivatives of C60 have reeived less attention ompared to their eletron-
doped ounterparts. Although they are diult to be produed experimentally,
nevertheless, they have the ability to exhibit dierent but interesting properties.
Suh properties inlude the superondutivity at high temperatures that is pre-
dited to exeed 50 K [7℄ higher than that for the eletron-doped C60 [88, 89℄. Su-
perondutivity in these ions is not ompletely understood, but it is believed that
the strong intramoleular JT oupling is related to this behaviour [90℄. There-
fore investigation of the nature of the JT eet in these ions is of paramount
importane.
When eletrons are removed from the Hu HOMO of the neutral C60 moleule,
holes whih behave as positively harged partiles are produed. The resultant
ation is denoted by C
n+
60 , where n refers to the number of holes generated. If only
one eletron is removed from the Hu orbital, a vaany will be produed whih,
in turn an be modelled in the same way as an eletron. The ation whih results
from this removal is the C
+
60. This ation involves the Hu ⊗ (2ag + 6gg + 8hg)
JT interation, in whih the vaant hole in the Hu orbital is oupled to 2ag,
6gg and 8hg modes of vibration. The oupling to ag modes will be ignored as
mentioned earlier. However, previous theoretial alulations [7, 91℄ indiate that,
in C
+
60, the oupling to the hg modes is muh stronger than that to the gg modes,
partiularly the oupling to the hg(1) mode (∼ 261 m−1) whih is believed to be
the strongest. [7℄. Therefore, we an restrit our investigation of the C
+
60 ation
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by onsidering the Hu ⊗ hg JT model.
The total Hamiltonian of this system onsists of two types of interation Hamil-
tonians. This situation arises as the hg mode appears twie in the Kroneker
produt H ⊗ H = [A + G + 2H ], whih means that the linear oupling involves
two independent sets of oeients that an be onstruted just as with quadrati
oupling in the p2 ⊗ h system [27℄. The rst oupling is labelled as Hu ⊗ ha and
the interation Hamiltonian orresponding to this oupling has been derived from
the CG oeients in the rst olumn of the H⊗H table in Ref. [27℄. The seond
oupling is referred to as Hu ⊗ hb where the interation Hamiltonian has been
derived from the CG oeients in the seond olumn of the same table.
In this Chapter, the time evolution operator is used to investigate the dynamial
nature of the Hu ⊗ hg JT system in the C+60 ion. Analytial expressions for the
probabilities of nding the system in dierent ongurations at a later time t is
obtained as a funtion of the vibroni oupling parameters.
7.1 Pseudorotation in the H ⊗ h JT system
For the Hu ⊗ hg JT oupling problem, the Hamiltonian of the system takes the
form
H = Hvib +H1(Q) +H2(Q), (7.1.1)
whereH1(Q) andH2(Q) are the linear interation Hamiltonians. It has been found
that, after the minimisation proedure of the total Hamiltonian of the system, the
ion is distorted and produes an ion with either D3d or D5d geometry [30, 82,
92℄, depending on the relative ontributions of H1 and H2 in Eq. (7.1.1). The
H1 represents the interation that produes the trigonal D3d wells, whereas H2
generates the D5d pentagonal symmetry.
Pseudorotation takes plae between the dierent ongurations. The SASs rep-
resenting the state of the system in this motion are found in Refs. [93, 92℄ for
both ases of D3d and D5d symmetry. Eah ase is investigated separately in the
following setions.
100
Chapter 7: The H ⊗ h JT system: A model for C+60
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Figure 7.1: (a) A pitorial representation of the pentagonal wells and (b)
the energies of the orresponding symmetry-adapted states formed
from these well states. The well labels in (a) orrespond to those
dened in Ref. [92℄.
7.1.1 The D5d minima
The D5d wells are represented pitorially in Fig. 7.1.(a). The gure shows the
pentagonal wells whih are separated equally and labelled as {A,B,C,D,E, F}.
There are six SASs for the system when there is tunnelling between these wells,
ve of whih are of H symmetry and one with A symmetry. They are given by [93℄
|Hθ〉 = NH
2
[ |A′; 0〉+ |B′; 0〉 − |C ′; 0〉 − |D′; 0〉],
|Hǫ〉 = NH
2
√
3
[|A′; 0〉+ |B′; 0〉+ |C ′; 0〉+ |D′; 0〉 − 2|E ′; 0〉 − 2|F ′; 0〉],
|H4〉 = NH√
2
[|A′; 0〉 − |B′; 0〉],
|H5〉 = NH√
2
[|C ′; 0〉+ |D′; 0〉], (7.1.2)
|H6〉 = NH√
2
[−|E ′; 0〉+ |F ′; 0〉],
|Aa〉 = NA√
6
[ |A′; 0〉+ |B′; 0〉+ |C ′; 0〉+ |D′; 0〉+ |E ′; 0〉+ |F ′; 0〉],
where
NH =
√
5√
5 + Sp
, (7.1.3)
NA =
1√
1− Sp
,
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Figure 7.2: A plot of tunnelling splittings (∆) between the A andH symmetry-
adapted states as a funtion of the dimensionless linear oupling
onstant V
′
1 .
are the normalisation onstants and Sp is the phonon overlap between any two
wells and is given by
Sp = exp[−12
25
V
′2
1 ]. (7.1.4)
V
′
1 is the dimensionless linear oupling onstant. Fig. 7.1.(b) depits the energies
of the states and shows that the A state is lying by an amount ∆ above the H
ground state given by
∆ = − 6 Sp lnSp
(1− Sp)(5 + Sp)~ω. (7.1.5)
The variation of the tunnelling splitting as a funtion of V
′
1 is shown in Fig. 7.2.
The states orresponding to the pentagonal wells are found to be
|A′; 0〉 = |Aa〉√
6NA
+
|Hθ〉
2NH
+
|Hǫ〉
2
√
3NH
+
|H4〉√
2NH
,
|B′; 0〉 = |Aa〉√
6NA
+
|Hθ〉
2NH
+
|Hǫ〉
2
√
3NH
− |H4〉√
2NH
,
|C ′; 0〉 = |Aa〉√
6NA
− |Hθ〉
2NH
+
|Hǫ〉
2
√
3NH
− |H5〉√
2NH
,
|D′; 0〉 = |Aa〉√
6NA
− |Hθ〉
2NH
+
|Hǫ〉
2
√
3NH
+
|H5〉√
2NH
,
|E ′; 0〉 = |Aa〉√
6NA
− |Hǫ〉√
3NH
− |H6〉√
2NH
,
|F ′; 0〉 = |Aa〉√
6NA
− |Hǫ〉√
3NH
+
|H6〉√
2NH
. (7.1.6)
The probabilities of nding the system in a partiular well at time t an be readily
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Figure 7.3: Inter-well dynamis for a pentagonal system initially loalised in
well A. The ontinuous urve represents PAA and the dashed urve
represents PAB . The value of the Phonon overlap used is Sp =
0.05.
derived using Eq. (3.2.9). These take the form
PAA(t) = 1− 1
9
(1− Sp)(5 + Sp) sin2
(
∆t
2~
)
, (7.1.7)
and
PAB(t) =
S2p
25
+
1
45
(1− Sp)(5 + Sp) sin2
(
∆t
2~
)
. (7.1.8)
From symmetry onsiderations, the other probabilities of nding the system in
the other wells C,D,E and F are equal to PAB. Therefore multiplying PAB by 5
the total probability of the form
F∑
X=A
PAX = 1 +
S2p
5
. (7.1.9)
Again and as expeted, the pseudorotation mehanism in this ase is similar to
that of the D5d ase in the (p
2 ⊗ h) system. Fig. 7.3 shows that the probability
of nding the system in well A subsequently when it is initially loalised in well
A never drops below 4
9
in agreement with that for the (p2 ⊗ h) system. From
Eq. (7.1.9), it an also be notied that the sum of the probabilities tends to one
as the phonon overlap Sp −→ 0. This is expeted as the walls separating the wells
in the APES are innite (i.e.V
′
1 =∞) so that the system must be found loked in
one of the pentagonal wells as expeted.
The system ompletes one pseudorotation of period Tp equal to
2π~
∆
. The rate
at whih the system is pseudorotating is the inverse value of Tp and is varying
with the oupling onstant V
′
1 in a similar manner as that in Fig. 7.2.
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7.1.2 The D3d minima
The D3d minima are shown in Fig. 7.4.(a). The gure shows a pitorial represen-
tation of the trigonal wells and the separating distanes between them. There are
two distanes separating the wells into two sets orresponding to well a; the rst
set inludes the nearest-neighbours {e, g, j} while the seond set ontains the next
nearest-neighbours {b, c, d, f, h, i}. At nite oupling, the system is pseudorotating
between these wells having SASs given by [93℄
|Hθ〉 = NH
2
√
3
[− |e′; 0〉 − |f ′; 0〉 − |g′; 0〉 − |h′; 0〉+ 2|i′; 0〉+ 2|j′; 0〉],
|Hǫ〉 = NH
2
[|e′; 0〉+ |f ′; 0〉 − |g′; 0〉 − |h′; 0〉],
|H4〉 = NH√
6
[− |a′; 0〉 − |b′; 0〉+ |c′; 0〉+ |d′; 0〉 − |e′; 0〉+ |f ′; 0〉],
|H5〉 = NH√
6
[− |a′; 0〉+ |b′; 0〉 − |c′; 0〉+ |d′; 0〉 − |g′; 0〉+ |h′; 0〉],
|H6〉 = NH√
6
[− |a′; 0〉+ |b′; 0〉+ |c′; 0〉 − |d′; 0〉+ |i′; 0〉 − |j′; 0〉],
|Ga〉 = NG√
15
[−3
2
( |a′; 0〉+ |b′; 0〉+ |c′; 0〉+ |d′; 0〉)
+ (|e′; 0〉+ |f ′; 0〉+ |g′; 0〉+ |h′; 0〉+ |i′; 0〉+ |j′; 0〉], (7.1.10)
|Gx〉 = NG
2
√
3
[ |a′; 0〉+ |b′; 0〉 − |c′; 0〉 − |d′; 0〉 − 2|e′; 0〉+ 2|f ′; 0〉],
|Gy〉 = NG
2
√
3
[ |a′; 0〉 − |b′; 0〉+ |c′; 0〉 − |d′; 0〉 − 2|g′; 0〉+ 2|h′; 0〉],
|Gz〉 = NG
2
√
3
[ |a′; 0〉 − |b′; 0〉 − |c′; 0〉+ |d′; 0〉+ 2|i′; 0〉 − 2|j′; 0〉],
|Aa〉 = NA√
10
[ |a′; 0〉+ |b′; 0〉+ |c′; 0〉+ |d′; 0〉+ |e′; 0〉+ |f ′; 0〉
+ |g′; 0〉+ |h′; 0〉+ |i′; 0〉+ |j′; 0〉],
where
NA =
1√
1 + St − 2S2t
,
NG =
√
3√
3− St + 2S2t
,
NH =
√
3√
3 + St + 2S2t
(7.1.11)
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Figure 7.4: (a) A pitorial representation of the trigonal wells and (b) the en-
ergies of the orresponding symmetry-adapted states formed from
the well states. The well labels in (a) orrespond to those dened
in Ref. [93℄.
are the SASs normalisation onstants. St is the phonon overlap between the
adjaent trigonal wells a and b and is given by
St = exp[− 4
27
V
′′2
1 ]. (7.1.12)
The energy separations between the SASs are shown in Fig. 7.4.(b) and given by
∆1 =
2(1− 8St − 2S2t )St lnSt
(1− St)(1 + 2St)(3 + St + 2S2t )
~ω, (7.1.13)
and
∆2 = − 3(3 + 6St − S
2
t )St lnSt
(1− St)(3 + St)(3 + St + 2S2t )
~ω. (7.1.14)
∆1 represents the separation between the A and H SASs and ∆2 represents the
separation between G and H SASs. These expressions are plotted in Fig. 7.5.
The gure shows the variation of the tunnelling splittings as a funtion of the
dimensionless linear oupling onstant V
′′
1 . It also shows the value of the oupling
onstant (V
′′
1 ≈ 3.77) for the H − A rossover (∆1 = 0) [94℄.
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Figure 7.5: Tunnelling splittings between the A (∆1) and G (∆2) symmetry-
adapted states and the H state (zero energy) as a funtion of the
dimensionless linear oupling onstant V
′′
1 .
The expressions for the well states in terms of the SASs are found to be:
|a〉 = |Aa〉√
10NA
− |H4〉+ |H5〉+ |H6〉√
6NH
− 3|Ga〉
2
√
15NG
+
|Gx〉+ |Gy〉+ |Gz〉
2
√
3NG
,
|b〉 = |Aa〉√
10NA
− |H4〉 − |H5〉 − |H6〉√
6NH
− 3|Ga〉
2
√
15NG
+
|Gx〉 − |Gy〉 − |Gz〉
2
√
3NG
,
|c〉 = |Aa〉√
10NA
− |H4〉 − |H5〉+ |H6〉√
6NH
− 3|Ga〉
2
√
15NG
+
|Gx〉 − |Gy〉+ |Gz〉
2
√
3NG
,
|d〉 = |Aa〉√
10NA
+
|H4〉+ |H5〉 − |H6〉√
6NH
+− 3|Ga〉
2
√
15NG
− |Gx〉+ |Gy〉 − |Gz〉
2
√
3NG
,
|e〉 = |Aa〉√
10NA
− |Hθ〉
2
√
3NH
+
|Hǫ〉√
3NH
− |H4〉√
6NH
+
|Ga〉√
15NG
− |Gx〉√
3NG
,
|f〉 = |Aa〉√
10NA
− |Hθ〉
2
√
3NH
+
|Hǫ〉
2NH
− |H4〉√
6NH
+
|Ga〉√
15NG
+
|Gx〉√
3NG
,
|g〉 = |Aa〉√
10NA
− |Hθ〉
2
√
3NH
− |Hǫ〉
2NH
− |H5〉√
6NH
+
|Ga〉√
15NG
− |Gy〉√
3NG
, (7.1.15)
|h〉 = |Aa〉√
10NA
− |Hθ〉
2
√
3NH
− |Hǫ〉
2NH
+
|H5〉√
6NH
+
|Ga〉√
15NG
+
|Gy〉√
3NG
,
|i〉 = |Aa〉√
10NA
+
|Hθ〉√
3NH
+
|H6〉√
6NH
+
|Ga〉√
15NG
+
|Gz〉√
3NG
,
|j〉 = |Aa〉√
10NA
+
|Hθ〉√
3NH
− |H6〉√
6NH
+
|Ga〉√
15NG
− |Gz〉√
3NG
,
These states are normalised after multiplying them by the normalisation onstant
N =
√
15√
15 + 2St − 2S2t
. (7.1.16)
Using Eq. (3.2.9) implies that the probabilities of nding the system in wells a, b
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or e at time t are, respetively,
Paa(t) = 1− 15F1 sin2
(
∆1t
2~
)
− 20F2 sin2
(
∆2t
2~
)
− 12F3 sin2
(
(∆2 −∆1)t
2~
)
Pab(t) =
1
9
F4 + 5F1 sin
2
(
∆1t
2~
)
+
10
9
F2 sin
2
(
∆2t
2~
)
− 2F3 sin2
(
(∆2 −∆1)t
2~
)
Pae(t) =
1
9
F5 − 5F1 sin2
(
∆1t
2~
)
+
40
9
F2 sin
2
(
∆2t
2~
)
+ 8F3 sin
2
(
(∆2 −∆1)t
2~
)
(7.1.17)
where the Fn are funtions of St and given by:
F1 = (1− St)(1 + 2St)(3 + St + 2S2t )(15 + 2St − 2S2t )−2
F2 = (1− St)(3 + 2St)(3 + St + 2S2t )(15 + 2St − 2S2t )−2
F3 = (1− St)2(1 + 2St)(3 + 2St)(15 + 2St − 2S2t )−2
F4 = S
2
t (1− 16St)2(15 + 2St − 2S2t )−2
F5 = S
2
t (11 + 4St)
2(15 + 2St − 2S2t )−2. (7.1.18)
One again the probabilities of nding the system in wells {c, d, f, h, i} and wells
{g, j} are equal to Pab and Pae respetively. The sum of the probabilities of being
in any of the ten well states at time t is
j∑
x=a
Pax(t) = 1 +
2
3
F4 +
1
3
F5. (7.1.19)
The probability sum is time independent and tend to unity in the innite oupling
as expeted and as disussed earlier.
As in the p2 ⊗ h system, the system here in the D3d ase shows a similar om-
pliated inter-well dynamis. This is again beause it an migrate to two dierent
sets of equivalent wells.
The temporal evolution of the system is plotted in Fig. 7.6 for three partiu-
lar values of the phonon overlap orresponding to values of the oupling onstant
between that for the rossover. In the rst diagram, St = 2S
X
t (V
′′
1 ≈ 3.09) and
the system is more weakly oupled than at the H − A rossover (see Ref. [94℄).
Pseudorotation here is learly fairly rapid with ve reourrenes of the initial lo-
alisation ourring within the time period shown. In between the reourrenes,
the probability of nding the system in well a beomes quite small and the system
is deloalised over the other wells. The situation is ompliated with regard to the
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Figure 7.6: Inter-well dynamis for a trigonal system initially loalised in well
a. The variation for three dierent values of the phonon overlap
are illustrated, where SXt is the phonon overlap between adjaent
wells at the H-A ross-over.
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pseudorotational period but it does seem sensible to ontinue to use the denition
used for the pentagonal ase. That is we dene the pseudorotational period be-
tween trigonal wells Tt to be the time at whih the rst reourrene ours. From
the rst gure, this ours when Tt ≈ 11.5. Prior to the rst reourrene, the
system beomes predominately loalised in the nearest-neighbour wells {e, g, j}
and then, afterwards, in the next-nearest-neighbour wells {b, c, d, f, h, i}.
For oupling orresponding to the rossover point, V
′′
1 ≈ 3.77, the situation is
as shown in the seond diagram in Fig. 7.6. Clearly, the dynamis is muh more
regular now and perfet reourrenes of the initial state are observed. Pseu-
dorotation is slower than before and only three reourrenes our in the period
shown. The pseudorotational period in this instane will be given exatly by
TXt = 2π~ω/∆2 ≈ 19.05 (when SXt = 0.121). It is lear from this gure that, for
this unique value of the linear oupling onstant, the times taken for the system
to pseudorotate to wells {e, g, j} and {b, c, d, f, h, i} are idential and are given by
TXt /2.
Finally, the third diagram in Fig. 7.6 shows the dynamis for the ase when St =
SXt /2 and the vibroni oupling onstant V
′′
1 ≈ 4.35 exeeds that at the rossover.
The rate of pseudorotation has again dereased and only one reourrene is visible
in the plot. At the minima in Paa, the system is deloalised over the other wells
to degrees that vary with the minimum onsidered.
7.2 Disussion
In this hapter, the quantum mehanial time evolution operator has been used
to study the evolution of the C
+
60 ation modelled as a H ⊗ hg JT system. Due to
the JT oupling, the moleule shows a lowering of the symmetry into two dierent
speies of symmetries D5d and D3d. These symmetries have 6 and 10 wells in
their APESs respetively. The probabilities of nding the system evolving into
another well when is initially prepared in one partiular well at a later time t has
been found for eah of these ases, using the SASs that desribe the tunnelling
state of the JT system in the dynami motion. These resulting expressions are
plotted versus the time to show the pseudorotation dynamis of the system. In
eah symmetry, the system has shown dierent pseudorotation regimes due to the
dierenes in the separations between the wells. At the D5d distortion, a regular
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pattern of pseudorotation between the wells has been observed and no unexpeted
situation arises. For the D3d ase, the expressions for the probabilities has been
plotted for dierent values of the oupling onstants inluding that where the
rossover between the H and A states our. The system shows dierent patterns
of pseudorotation for eah value with a dereasing of the rate of pseudorotation
as the oupling inreases.
If we aept the dominane of the hg(1) mode with ~ω = 261m
−1
and make use
of the linear oupling onstant V
′
1 = 1.52 whih has been omputed using density
funtional theory (DFT) [7℄ we an estimate the rate at whih pseudorotation will
our between pentagonal wells. Using Eq. (7.1.4) the phonon overlap is Sp = 0.33
together with Tp =
2π~
∆
and Eq. (7.1.5), thus the estimated period for the system
to omplete one pseudorotation iruit is Tp = 208 fs. Thus, we an expet that
in order to detet pseudorotation between the D5d wells in C
+
60, experiments must
be performed on a femtoseond time sale. In addition, the inter-well dynamis
are expeted to be quite simple and follow the trends shown in Fig. 7.3.
This work has been published in Ref. [95℄
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The (h+)2 ⊗ h JT system: A model
for C
2+
60
In this Chapter, the time evolution of the (h+u )
2 ⊗ hg JT system is investigated
by applying the same method as those desribed in previous hapters. Before
studying the evolution of the system, it is useful to summarise rstly some of the
main features of this system.
As mentioned previously, when eletrons are removed from the Hu the HOMO
of the neutral C60 moleule, a number of holes is generated. The removal of two
eletrons from this orbit produes two positive holes and therefore the diation
C
2+
60 is produed. The modes of vibrations allowed to ouple in order to form JT
oupling in this moleule are the same as that for the C
+
60 ation. Therefore, JT
interations for this system is the oupling of the two holes of Hu symmetry to
the ag, gg or hg normal modes of vibrations. Again, the oupling between the
holes and the ag and gg vibrational modes will not be onsidered here, beause it
has been shown that these modes do not result in any signiant distortions [7℄.
Therefore, we will only onentrate on the oupling involving the two holes of Hu
symmetry and the hg normal mode and the problem will be denoted as (h
+
u )
2⊗hg.
As in Chapter 7, the interation Hamiltonian onsists of two dierent Hamilto-
nians due to the two sets of CG oeients. One of them is represented by Ha
and the oupling parameters are taken from the rst olumn of CG oeients for
H ⊗ H table in Rf.[27℄. The seond oupling represented by Hb is derived using
the seond olumn in the same table.
The geometry of the distorted ion an be dedued from the study the struture of
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the APES and nding the number of the minima and the orresponding positions.
As before, the pseudorotation of the system between these minima is studied using
the time evolution operator and is applied to one of the wells as will be seen in
the following setion.
8.1 The (h+)2 ⊗ h JT system
The total Hamiltonian for this system takes the form
Htot = Hvib +HTS +HJT , (8.1.1)
The interation Hamiltonian has been derived previously in Ref. [96℄. This Hamil-
tonian involves oupling between the spin and the orbital angular momentum of
the two holes. Coupling of the spin angular momentum of the two holes gives
either singlet spin states (S = 0) or triplet spin states (S = 1). The oupling of
the orbital states an be predited from the Kroneker produt of the Hu orbital
by itself H ⊗ H = [A ⊕ G ⊕ 2H ]S ⊕ {T1 ⊕ T2 ⊕ G}A. The symmetri part of
the Kroneker produt ouples to the singlet spin states to give rise to low-spin
terms and the anti-symmetri part ouples to the triplet spin state to generate
the high-spin terms. Thus, the allowed terms are
1A,1G,1Ha,
1Hb,
3 T1,
3 T2,
3G,
where the supersript represents the spin multipliity (2S + 1). The alulations
by Nikolaev et al. [78℄ indiate that the high-spin terms are lower in energy than
the low-spin terms satisfying Hund's rule. As there is no oupling between the
terms whih have dierent spins, only the high-spin terms {3T1,3 T2,3G} will be
onsidered here. These terms are of dierent energies due to Coulomb interation
between the two holes. In this thesis we will treat these terms as degenerate to
make our analysis generally appliable.
The interation Hamiltonian an be written in terms of the CG oeients
as [97℄
Hint = VHhaHa + VHhbHb, (8.1.2)
where VHha and VHhb are the oupling onstants dened in polar form by
VHha = V sin β; VHhb = V cosβ, (8.1.3)
where V is a measure of the ombined oupling strength and β represents a mixing
angle of the two sets of CG oeients. The matrix representation of eah of the
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interation Hamiltonians (Ha,Hb) an be written in a basis derived using the
wavefuntions assoiated with the high-spin term. This orresponding matrix is
of the order 10× 10 and it has been investigated in Ref. [98℄.
Applying the minimisation proedures to this Hamiltonian produes minima
in the APES of either D5d, D3d, D2h or C2h symmetry as β varies (see Fig.2 in
Ref. [97℄). A study by Manini et al. [7℄ shows that the C
2+
60 ion is favoured to be
loalised in a D2h well. This result has been onrmed again by Hands et al. [99℄.
Therefore, only the D2h distortion will be onsidered here in the investigation of
the pseudorotation motion.
The APES has been found to have a D2h minima in the range where 1.35 6 β 6
1.79 [98℄. There are 15 equivalent wells represented by{A,B,C,D, . . .} in Fig. 8.1.
These wells are loated in the entres of the C-C double bonds whih is the mid
point of two joined hexagons in real spae. The orresponding positions of these
wells and the assoiated eletroni states in the Q-spae are given in Table 8.1
[98, 97℄.
From the results shown in Table 8.1, it should be noted that the separations
between the wells in the Q-spae divides them into two sets suh that eah well
has 8 nearest-neighbours and 6 next-nearest neighbours. For example, well {A}
has {B,C,D,E, J,K, L,M} as the nearest-neighbour wells and {F,G,H, I,N,O}
as the next-nearest neighbours. This situation should not be neessary onsistent
with that appearing in Fig. 8.1. The gure shows a 4 nearest-neighbour wells, 8
next-nearest and 2 furthest-neighbour wells for eah well. This inonsisteny is
simply due to the dierenes between the real spae and the Q spae.
8.2 Pseudorotation in D2h
When the system is pseudorotating, the 15-fold degeneray of the ground states
split and produe SASs of T1g, T2g, Gg and Hg symmetry. These states have
been obtained in Ref.[98℄ and are given in Appendix A for ompleteness. They
are inverted so that a state for eah well is obtained as a linear ombination of
the SASs as in Eq. (3.2.2). The matrix whih represents the a
(i)
j oeients in
Eq. (3.2.2) is a 15× 15 matrix whih is
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(a)
(b)
Figure 8.1: (a) The loation of the C-C double bonds in the fullerene C60. (b)
An iosidodeahedron formed by onneting the mid points on the
double bonds. The verties are labelled as A,B,C, . . . , O
as presented in Table 8.1.
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Table 8.1: Well positions and the assoiated eletroni states of the 15 minima
of the D2h symmetry grouped aording to their equivalene with
respet to the minimum A when the term splitting set to zero (see
Ref. [97℄).
Label position eletroni state
A
−3
4
(0,
√
2, 0, 0, 0)
√
3
10
(0, 0, 1, 0, 0, 1, 0, 0, 0, 2√
3
)
B
−3
16
(−√6,√2,−2√3, 0,−2√3) 1
2
√
3
10
( 1
φ
, 1, φ,−φ, 1, −1
φ
,−
√
5
3
, −1√
3
,−√3, 1√
3
)
C
−3
16
(−√6,√2, 2√3, 0, 2√3) 1
2
√
3
10
( 1
φ
,−1, φ,−φ,−1, −1
φ
,
√
5
3
, −1√
3
,
√
3, 1√
3
)
D
−3
16
(−√6,√2, 2√3, 0,−2√3) 1
2
√
3
10
(−1
φ
,−1, φ, φ,−1, −1
φ
,−
√
5
3
, 1√
3
,
√
3, 1√
3
)
E
−3
16
(−√6,√2,−2√3, 0,−2√3) 1
2
√
3
10
(−1
φ
, 1, φ, φ, 1, −1
φ
,
√
5
3
, 1√
3
,
√
3, 1√
3
)
J
−3
16
(
√
6,
√
2, 0, 2
√
3,−2√3) 1
2
√
3
10
(1, φ, −1
φ
, 1, −1
φ
, φ,
√
5
3
,−√3, −1√
3
, 1√
3
)
K
−3
16
(
√
6,
√
2, 0, 2
√
3, 2
√
3) 1
2
√
3
10
(1,−φ, −1
φ
, 1, 1
φ
, φ,−
√
5
3
,−√3, −1√
3
, 1√
3
)
L
−3
16
(
√
6,
√
2, 0,−2√3,−2√3) 1
2
√
3
10
(−1,−φ, −1
φ
,−1, 1
φ
, φ,
√
5
3
,
√
3, −1√
3
, 1√
3
)
M
−3
16
(
√
6,
√
2, 0,−2√3, 2√3) 1
2
√
3
10
(−1, φ, −1
φ
,−1, −1
φ
, φ,−
√
5
3
,
√
3, 1√
3
, 1√
3
)
F
−3
8
(0,−√2,−√3,√3, 0) 1
2
√
3
10
(φ, −1
φ
,−1, −1
φ
, φ,−1,−
√
5
3
, 1√
3
, 1√
3
,
√
3)
G
−3
8
(0,−√2,−√3,−√3, 0) 1
2
√
3
10
(φ, −1
φ
,−1, −1
φ
, φ,−1,−
√
5
3
, 1√
3
, 1√
3
,
√
3)
H
−3
8
(0,−√2,√3,−√3, 0) 1
2
√
3
10
(−φ, 1
φ
,−1, 1
φ
,−φ,−1,
√
5
3
, 1√
3
, −1√
3
,
√
3)
I
−3
8
(0,−√2,√3,√3, 0) 1
2
√
3
10
(φ, 1
φ
,−1, −1
φ
,−φ,−1,
√
5
3
, 1√
3
, −1√
3
,
√
3)
N
−3
8
(
√
6,−√2, 0, 0, 0)
√
3
10
(0, 1, 0, 0, 1, 0, 0, 0, 2√
3
, 0)
O
−3
8
(−√6,−√2, 0, 0, 0)
√
3
10
(1, 0, 0, 1, 0, 0, 0, 2√
3
, 0, 0)
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M =


0 2 0 φ −φ φ −φ 1φ −1φ −1φ 1φ 1 1 −1 −1
0 0 2 1φ
1
φ
−1
φ
−1
φ −1 −1 1 1 −φ φ φ −φ
2 0 0 −1 −1 −1 −1 φ φ φ φ −1φ −1φ −1φ −1φ
0 2 0 −1φ
1
φ
−1
φ
1
φ −φ φ φ −φ 1 1 −1 −1
0 0 2 −φ −φ φ φ −1 −1 1 1 1φ −1φ −1φ 1φ
2 0 0 −1 −1 −1 −1 −1φ −1φ −1φ −1φ φ φ φ φ
0 0 0 1 −1 −1 1 1 −1 1 −1 −1 1 −1 1
0 4 0 1 −1 1 −1 −1 1 1 −1 −3 −3 3 3
0 0 4 −1 −1 1 1 3 3 −3 −3 −1 1 1 −1
4 0 0 3 3 3 3 1 1 1 1 1 1 1 1
0 0 0 2 −2 −2 2 −1 1 −1 1 1 −1 1 −1
0 0 0 0 0 0 0 −1 1 −1 1 −1 1 −1 1
0 2 0 −1 1 −1 1 1 −1 −1 1 0 0 0 0
0 0 2 1 1 −1 −1 0 0 0 0 1 −1 −1 1
2 0 0 0 0 0 0 −1 −1 −1 −1 −1 −1 −1 −1


.
Taking the inverse of this matrix and multiplying it by the olumn matrix on-
taining the SASs produes 15 normalised well states:.
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The rst set of nearest-neighbour wells are:
|A′; 0〉 =
√
3(|T1z〉+ |T2z〉) + 2|Gz〉√
15N1
+
|H6〉√
3N2
,
|B′; 0〉 = (φ− 1)(|T1x〉 − |T2z〉) + (|T1y〉+ |T2y〉) + φ(|T1z〉 − |T2x〉)
2
√
5N1
−
√
5|Ga〉+ |Gx〉+ 3|Gy〉 − |Gz〉
2
√
15N1
+
|Hθ〉+
√
3|Hǫ〉+
√
2(|H4〉 − |H6〉)
2
√
6N2
,
|C ′; 0〉 = (φ− 1)(|T1x〉 − |T2z〉)− (|T1y〉+ |T2y〉) + φ(|T1z〉 − |T2x〉)
2
√
5N1
+
√
5|Ga〉 − |Gx〉+ 3|Gy〉+ |Gz〉
2
√
15N1
− |Hθ〉+
√
3|Hǫ〉 −
√
2(|H4〉 − |H6〉)
2
√
6N2
,
|D′; 0〉 = −(φ− 1)(|T1x〉+ |T2z〉) + (|T1y〉+ |T2y〉)− φ(|T1z〉+ |T2x〉)
2
√
5N1
−
√
5|Ga〉 − |Gx〉 − 3|Gy〉 − |Gz〉
2
√
15N1
+
|Hθ〉+
√
3|Hǫ〉 −
√
2(|H4〉+ |H6〉)
2
√
6N2
,
|E ′; 0〉 = −(φ− 1)(|T1x〉+ |T2z〉)− (|T1y〉+ |T2y〉)− φ(|T1z〉+ |T2x〉)
2
√
5N1
+
√
5|Ga〉+ |Gx〉 − 3|Gy〉+ |Gz〉
2
√
15N1
− |Hθ〉+
√
3|Hǫ〉+
√
2(|H4〉+ |H6〉)
2
√
6N2
,
|J ′; 0〉 = (|T1x〉+ |T2x〉) + φ(|T1y〉+ |T2z〉)− φ
−1(|T1z〉+ |T2y〉)
2
√
5N1
+
√
5|Ga〉 − 3|Gx〉+ |Gy〉+ |Gz〉
2
√
15N1
− |Hθ〉 −
√
3|Hǫ〉+
√
2(|H5〉+ |H6〉)
2
√
6N2
,
|K ′; 0〉 = (|T1x〉+ |T2x〉)− φ(|T1y〉 − |T2z〉)− φ
−1(|T1z〉)− |T2y〉
2
√
5N1
−
√
5|Ga〉+ 3|Gx〉+ |Gy〉 − |Gz〉
2
√
15N1
+
|Hθ〉 −
√
3|Hǫ〉+
√
2(|H5〉 − |H6〉)
2
√
6N2
,
|L′; 0〉 = −(|T1x〉+ |T2x〉)− φ(|T1y〉 − |T2z〉)− φ
−1(|T1z〉 − |T2y〉)
2
√
5N1
+
√
5|Ga〉+ 3|Gx〉 − |Gy〉+ |Gz〉
2
√
15N1
− |Hθ〉 −
√
3|Hǫ〉 −
√
2(|H5〉 − |H6〉)
2
√
6N2
,
|M ′; 0〉 = −(|T1x〉+ |T2x〉) + φ(|T1y〉+ |T2z〉)− φ
−1(|T1z〉+ |T2y〉)
2
√
5N1
−
√
5|Ga〉 − 3|Gx〉 − |Gy〉 − |Gz〉
2
√
15N1
+
|Hθ〉 −
√
3|Hǫ〉 −
√
2(|H5〉+ |H6〉)
2
√
6N2
.
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The seond set of the next-nearest neighbour wells are:
|F ′; 0〉 = (φ+ 2)(|T1x〉+ |T2y〉) + (φ
−1 − 2)(|T1y〉+ |T2x〉)−
√
5(|T1z〉+ |T2z〉)
10N1
−
√
5|Ga〉 − |Gx〉 − |Gy〉 − 3|Gz〉
2
√
15N1
−
√
2|Hθ〉+ |H4〉+ |H5〉
2
√
3N2
,
|G′; 0〉 = −(φ+ 2)(|T1x〉 − |T2y〉) + (φ
−1 − 2)(|T1y〉 − |T2x〉)−
√
5(|T1z〉+ |T2z〉)
10N1
+
√
5|Ga〉 − |Gx〉+ |Gy〉+ 3|Gz〉
2
√
15N1
+
√
2|Hθ〉+ |H4〉 − |H5〉
2
√
3N2
, (8.2.1)
|H ′; 0〉 = −(φ+ 2)(|T1x〉+ |T2y〉) + (φ
−1 − 2)(|T1y〉+ |T2x〉) +
√
5(|T1z〉+ |T2z〉)
10N1
−
√
5|Ga〉+ |Gx〉+ |Gy〉 − 3|Gz〉
2
√
15N1
−
√
2|Hθ〉 − |H4〉 − |H5〉
2
√
3N2
,
|I ′; 0〉 = (φ+ 2)(|T1x〉 − |T2y〉)− (φ
−1 − 2)(|T1y〉 − |T2x〉)−
√
5(|T1z〉+ |T2z〉)
10N1
+
√
5|Ga〉+ |Gx〉 − |Gy〉+ 3|Gz〉
2
√
15N1
+
√
2|Hθ〉 − |H4〉+ |H5〉
2
√
3N2
,
|N ′; 0〉 =
√
3(|T1y〉+ |T2y〉) + 2|Gy〉√
15N1
+
|H5〉√
3N2
,
|O′; 0〉 =
√
3(|T1x〉+ |T2x〉) + 2|Gx〉√
15N1
+
|H4〉√
3N2
.
where
N1 =
1√
(1 + SAC
2
)
, (8.2.2)
and
N2 =
1√
1− SAC
. (8.2.3)
SAC is the phonon overlap between the adjaent wells suh as A and C and given
by [97℄
SAC = exp[−27
64
(V
′
)2]. (8.2.4)
The straightforward alulations of the probabilities of nding the system in a
partiular well at time t using Eq. (3.2.9), are
PAA(t) = 1− 4
9
((2− SAC − S2AC) sin2[
∆t
2~
]),
PAC(t) =
1
144
(9S2AC + 8(2− SAC − S2AC) sin2[
∆t
2~
]),
PAO(t) = 0. (8.2.5)
118
Chapter 8: The (h+)2 ⊗ h JT system: A model for C2+60
2 4 6 8 10 12
t
0.2
0.4
0.6
0.8
1.0
PHtL
Figure 8.2: Diagram showing the dynamis in the D2h symmetry when the
system is initially loalised in well A
where PAC(t) and PAO(t) are the probabilities that a system initially loalised in
well A migrates to well C or well O respetively. For ompleteness, the phonon
overlap between non-adjaent wells suh as wells A andO for example, is alulated
and given by
SAO = exp[−27
32
(V
′
)2]. (8.2.6)
The energy dierene ∆ between the SASs T1, T2, G and H is evaluated to be
∆ = − 3SAC lnSAC
(1− SAC)(2 + SAC)~ω. (8.2.7)
The results from Eq. (8.2.5) are plotted in Fig. 8.2. The D2h ase shows similar-
ity with the D3d distortions, sine there are two sets of wells assoiated with the
dierenes in their separations the Q-spae. The system in this ase is pseudoro-
tating freely between the wells in the rst set when it is initially prepared in well
A. However, pseudorotation to the other wells in the other set is forbidden. This is
due to the orthogonality between the eletroni states assoiated with those wells.
In the D3d ase, the system was free to pseudorotate to both sets with no zero
eletroni overlap. This means that, in the D2h ase when the system starts o
from well A, it never visits any of the wells {F,G,H, I,N,O} during its journey
and the pseudorotation trend follows the plotted urve of Eq. (8.2.5) as shown in
Fig. 8.2. From the gure, it is very obvious that the system is ompleting one
period of pseudorotation when Tp =
2π~
∆
. The pseudorotation rate is the inverse of
the period Tp and is shown in Fig. 8.3 as a funtion of the linear oupling onstant
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Figure 8.3: Plot of the pseudorotation rate Rp for the D2h distortion as a
funtion of the linear oupling onstant.
V
′
. The gure shows that, as the value of the linear oupling onstant inreases,
the rate of the pseudorotation dereases. This situation is expeted and agrees
with the basi idea of the JT interation whih shows that in strong oupling limit
when the barrier height between the wells is large, the system will be onned in
one of the wells and no pseudorotation dynamis will our. This situation an
also be inferred from the sum of the probabilities written as:
O∑
X=A
PAX = 1 + 2S
2
AC , (8.2.8)
this expression tends to one as V
′ −→ ∞. This means that the system must be
found loalised into one of the wells as expeted.
8.3 Summary
In this hapter, the pseudorotaton dynamis for the (h+u )
2 ⊗ hg JT system when
distorted to D2h symmetry has been studied using the method outlined in Chap-
ter 3. The probabilities of nding the system migrating to another well has been
plotted in order to follow the progress of the trend.
The results showed that, when the system is loalised in one of the D2h wells
then it an pseudorotate only to the nearest-neighbours sine the pseudorotation
between the other wells is forbidden due to the orthogonality between well states.
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The eet of the term splitting has been negleted throughout this alulation.
If this term is inluded then a dierent piture of the well separations than that
used in this problem will appear and therefore a dierent situation of pseudorota-
tion dynamis will our. The inlusion of this term will ompliate the problem
whih is already ompliated due to its high dimension. This problem will be an
interesting point to be studied in the future work.
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Conlusions
The main purpose of this thesis has been to study the dynamial nature of some
JT systems involving dierent ions. The investigation has been aomplished
through studying the pseudorotation between equivalent minima in the APES
under the assumption that the JT interation overwhelms the other interations
within the moleule. The pseudorotation phenomenon is a harateristi feature of
JT systems and the method that has been used in this thesis to study this internal
rotation an be applied to any real system undergoing dynamial JT interation.
The thesis began with a brief introdution representing the motivation of this
study and outlined the subjets ontained in eah hapter in the thesis. Chapter 2
began with a historial review of the origin of the JT eet and the researh
studies related to this subjet. Also there are a desription of the approximations
that led to the onstrution of the interation Hamiltonian whih desribes the
eletron-phonon oupling. The hapter provided the mathmatial tools that are
essential in order to produe a simple expression for the vibroni Hamiltonian
under onsideration. This Hamiltonian has been simplied in order to nd a
solution using the shift transformation tehnique and the method of Öpik and
Prye [4℄ whih is used to nd the loation of the distint minima on the APES.
A general idea of the iosahedral point group to whih our systems belong and the
method of how to speify the eletroni orbital and the vibrational modes that
involved in the interation was also disussed in the same hapter.
The theory of the time evolution operator was introdued in the following hap-
ter. This method used the quantum mehanial onept of the time evolution
operator to study the progress of a system at a time t in the strong JT oupling
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limit where the minima are onsidered to be suiently deep with high barriers
between them. The method has been applied to dierent systems having dierent
distortion symmetries.
In Chapter 4, the pseudorotation in the T ⊗ (e⊕ t2) JT system has been stud-
ied using the method disussed in Chapter 3. This system shows three dierent
examples of oupling depending on the oupling strength of the T eletroni state
to the e and t2 vibrational modes. The rst ase involving the T ⊗ e oupling
showed no tunnelling performed by the system sine the well states in that system
are mutually orthogonal. The seond ase was the T ⊗ t2 oupling distorted to
a D3d symmetry. This system showed equal transitions between the four wells.
The last ase was for D2h symmetry when the oupling to the e and t2 modes is
involved. Here, the system was allowed to tunnel only between the non-orthogonal
eletroni states loalised in the wells with stritly forbidden tunnelling between
the orthogonal ones. Studying the pseudorotation of this system has been used
as an introdution to study the pseudorotation of dierent but more sophistiated
iosahedral JT systems.
In Chapter 5 a model for the C
2−
60 anion has been developed when the quadrati
oupling term is inluded in the problem. This problem was treated using all the
tehniques that have been outlined in Chapter 2. The Hamiltonian of the problem
also has been written as a funtion of the mixing angle β whih represents a mixing
of the two dierent sets of CG oeients. The APES obtained showed two kinds
of minima having D5d and D3d symmetry depending on the value of the mixing
angle. Both systems have been investigated in the stati and dynami regimes by
nding the positions of the minimum points on the APES and the orresponding
states. The inter-moleular motion of the system has been determined using the
method outlined in Chapter 3. The system showed equal transitions between the
D5d wells as the separations between them are equal. The D3d revealed more
ompliated pseudorotation sine the system has the opportunity to migrate to
two distint types of wells leading to two dierent tunnelling splittings.
A further investigation of this model was ontinued when the Coulomb inter-
ation between the eletrons is taken into aount in Chapter 6. The inlusion
of this term ompliates the analytial expressions of both the states and the
orresponding energies.
Chapter 7 dealt with the H⊗hg JT system for the C+60 ation. The probabilities
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of the system while is pseudorotating was plotted for both ases of D5d and the
D3d symmetries. The system showed a regular pseudorotation between wells of
the D5d ase similar to that in the p
2⊗h system. In the D3d distortion, the system
again showed a ompliated situation due to the two dierent separation distanes
between wells. The probabilities for this ase have been plotted for dierent values
of the oupling onstants when the H−A rossover between the two SASa ours.
The system showed tunnelling behaviour of similar regime as that appeared in the
C
2−
60 .
The study of inter-well dynamis of the (h+u )
2 ⊗ h system was the subjet of
Chapter 8. This system involves wells of D2h symmetry whih onsist of two
equivalent sets of wells in the APES similar to that in D3d symmetry. The system
showed here that pseudorotation is only allowed between the nearest-neighbour
wells. The orthogonality between the other wells (next-nearest neighbour) made
the eletroni overlap between them tends to zero and therefore no migration for
the system to those wells ours.
Although the theory presented in this thesis for studying the internal motion
depends on many approximations, suh as ignoring the presene of exited vibroni
states, nevertheless the theory still an be aepted as a rst approximation to a
desription of the dynamis that our in JT systems undergoing pseudorotation.
In this study, the term splitting whih appeared as a result of Coulomb inter-
ation in both C
2−
60 and C
2+
60 systems has been negleted and the alulations were
ahieved by regarding the JT interation as overwhelming the other interations
in the problem. Negleting the term splitting led to have a degenerate ground
state in both system. If this term is inluded, then a shift in the energy between
the SASs ours and the degeneray of the ground state will be removed. This
ould lead to have a more aurate piture of the APES and therefore a learer
view of the sets of wells between whih the system is allowed to pseudorotate will
appear. This indeed will lead to have a very ompliated system to be studied
sine the C
2+
60 system for example has more than one tunnelling splitting term.
Investigation of suh problems needs an advaned omputer programs to solve
the problem numerially rather than analytially whih ould be an interesting
problem to fous on for the future work.
Pseudorotation an be observed experimentally in NMR spetra, isotopi sub-
stitution experiments, entral-atom nulear quadrupole resonane spetra and
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other spetrosopi measurements [48℄. The distorted geometry of the moleule
whilst pseudorotating ould be viewed if measurements on a very short time sale
are made. This time sale is estimated from eletron paramagneti resonane
(EPR) [100℄ data and it appears to be of the order of pioseonds, while from
the strength of the vibroni oupling [101℄ it is estimated to be of the order of
femtoseonds. A multiple-pulse tehnique or the pumb-probe whih produes
pulses on the femtoseond time-sale to freeze the nulear dynamis in real time
(see for example [102℄), has already been used in measuring how quikly the ro-
tation of the C60 and C70 moleules in various solutions. As the pseudorotation
involves movement of the nulei in JT systems, the nulear dynamis should be
then observable using suh ultrafast tehniques. An idea of suh experiments that
apable of measuring pseudorotation in the fullerene ions has been disussed in
Chapter 3 using what is alled transient grating tehniques.
To our knowledge, pseudorotation motion of some moleules suh as the Na3
has already been deteted using the two-photon ionisation (TPI) experiment [103℄
and showed a fairly rapid pseudorotation. The period of this pseudorotation was
found to be of the order of 3 ps. However, experiments have been onduted to
try to measure the rate of pseudorotation in C
−
60, C
2−
60 and C
3−
60 . As always, ex-
perimental realisation of a theoretially simple proess was found to be diult.
Some preliminary results have been presented in a reent PhD thesis [104℄ with
subsequent publiation to follow. One of the onlusions from the work is that the
experiments seem to point to reorientational dynamis faster than 2 ps duration
(and faster, depending on the tehnique used). This is interesting if onrmed
beause Rubtsov et al. [1, 55℄ found that the C60 in dealin has a reorentational
relaxation time of 3.5 ps, whih, they point out, is lose to the rotation rate asso-
iated with free gaseous C60 (other rotation rates were muh slower). A relaxation
of 2 ps, therefore, ould be a strong indiator that pseudorotation is ourring. A
better estimate of the atual time is alled for, however, if this rate is to be useful.
Nevertheless, if a time an be measured that an reasonably be assigned to pseu-
dorotation, then it ould be equated with the time taken for a C
−
60 to `hop' from
one well to another. Hene, the expermental time ould provide vital evidene for
the likely magnitudes of V1, V2 and V3. However, temperature dependent studies
may be required if a true attempt is to be made to isolate V2/V3 from V1.
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Appendix A
The SASs arising from the D2h wells
in the C
2+
60 ation
|T1x〉 = N1
2
√
5
[2 |b′; 0〉+ φ|d′; 0〉 − φ|e′; 0〉+ φ|f ′; 0〉 − φ|g′; 0〉+ φ−1|h′; 0〉
− φ−1|i′; 0〉 − φ−1|j′; 0〉+ φ−1|k′; 0〉+ |l′; 0〉+ |m′; 0〉 − |n′; 0〉 − |o′; 0〉],
|T1y〉 = N1
2
√
5
[2 |c′; 0〉+ φ−1|d′; 0〉+ φ−1|e′; 0〉 − φ−1|f ′; 0〉 − φ−1|g′; 0〉 − |h′; 0〉
− |i′; 0〉+ |j′; 0〉+ |k′; 0〉 − φ|l′; 0〉+ φ|m′; 0〉+ φ|n′; 0〉 − φ|o′; 0〉],
|T1z〉 = N
2
√
5
[2 |a′; 0〉 − |d′; 0〉 − |e′; 0〉 − |f ′; 0〉 − |g′; 0〉+ φ|h′; 0〉+ φ|i′; 0〉
+ φ|j′; 0〉+ φ|k′; 0〉 − φ−1|l′; 0〉 − φ−1|m′; 0〉 − φ−1|n′; 0〉 − φ−1|o′; 0〉],
(A.0.1)
|T2x〉 = N1
2
√
5
[2 |b′; 0〉 − φ−1|d′; 0〉+ φ−1|e′; 0〉 − φ−1|f ′; 0〉+ φ−1|g′; 0〉 − φ|h′; 0〉
+ φ|i′; 0〉+ φ|j′; 0〉 − φ|k′; 0〉+ |l′; 0〉+ |m′; 0〉 − |n′; 0〉 − |o′; 0〉],
|T2y〉 = N1
2
√
5
[2 |c′; 0〉 − φ|d′; 0〉 − φ|e′; 0〉+ φ|f ′; 0〉+ φ|g′; 0〉 − |h′; 0〉 − |i′; 0〉
+ |j′; 0〉+ |k′; 0〉+ φ−1|l′; 0〉 − φ−1|m′; 0〉 − φ−1|n′; 0〉+ φ−1|o′; 0〉],
|T2z〉 = N1
2
√
5
[2 |a′; 0〉 − |d′; 0〉 − |e′; 0〉 − |f ′; 0〉 − |g′; 0〉 − φ−1|h′; 0〉 − φ−1|i′; 0〉
− φ−1|j′; 0〉 − φ−1|k′; 0〉+ φ|l′; 0〉+ φ|m′; 0〉+ φ|n′; 0〉+ φ|o′; 0〉], (A.0.2)
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|Ga〉 = N1√
12
[ |d′; 0〉 − |e′; 0〉 − |f ′; 0〉+ |g′; 0〉+ |h′; 0〉 − |i′; 0〉
+ |j′; 0〉 − |k′; 0〉 − |l′; 0〉+ |m′; 0〉 − |n′; 0〉+ |o′; 0〉],
|Gx〉 = N1
2
√
15
[4 |b′; 0〉+ |d′; 0〉 − |e′; 0〉+ |f ′; 0〉 − |g′; 0〉 − |h′; 0〉+ |i′; 0〉
+ |j′; 0〉 − |k′; 0〉 − 3|l′; 0〉 − 3|m′; 0〉+ 3|n′; 0〉+ 3|o′; 0〉],
|Gy〉 = N1
2
√
15
[4 |c′; 0〉 − |d′; 0〉 − |e′; 0〉+ |f ′; 0〉+ |g′; 0〉+ 3|h′; 0〉+ 3|i′; 0〉
− 3|j′; 0〉 − 3|k′; 0〉 − |l′; 0〉+ |m′; 0〉+ |n′; 0〉 − |o′; 0〉],
|Gz〉 = N
2
√
15
[4 |a′; 0〉+ 3|d′; 0〉+ 3|e′; 0〉+ 3|f ′; 0〉+ 3|g′; 0〉+ |h′; 0〉+ |i′; 0〉
+ |j′; 0〉+ |k′; 0〉+ |l′; 0〉+ |m′; 0〉+ |n′; 0〉+ |o′; 0〉], (A.0.3)
|Hθ〉 = N2
2
√
6
[2 |d′; 0〉 − 2|e′; 0〉 − 2|f ′; 0〉+ 2|g′; 0〉 − |h′; 0〉+ |i′; 0〉
− |j′; 0〉+ |k′; 0〉+ |l′; 0〉 − |m′; 0〉+ |n′; 0〉 − |o′; 0〉],
|Hǫ〉 = N2
2
√
2
[−|h′; 0〉+ |i′; 0〉 − |j′; 0〉+ |k′; 0〉 − |l′; 0〉+ |m′; 0〉 − |n′; 0〉+ |o′; 0〉],
|Hx〉 = N2
2
√
3
[2 |b′; 0〉 − |d′; 0〉+ |e′; 0〉 − |f ′; 0〉+ |g′; 0〉+ |h′; 0〉 − |i′; 0〉
− |j′; 0〉+ |k′; 0〉,
|Hy〉 = N2
2
√
3
[2 |c′; 0〉+ |d′; 0〉+ |e′; 0〉 − |f ′; 0〉 − |g′; 0〉+ |l′; 0〉 − |m′; 0〉
− |n′; 0〉+ |o′; 0〉],
|Hz〉 = N2
2
√
3
[2 |a′; 0〉 − |h′; 0〉 − |i′; 0〉 − |j′; 0〉 − |k′; 0〉 − |l′; 0〉 − |m′; 0〉
− |n′; 0〉 − |o′; 0〉].
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